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DOMINANT VS. RECESSIVE LETHAL MUTATION 
By E. R. DEMPSTER 
DIVISION OF GENETICS, UNIVERSITY OF CALIFORNIA 
Communicated May 5, 1941 


The purpose of this article is to call attention to three circumstances 
under which the sensitivity of chromosomes, in sperm of Drosophila 
melanogaster, to the induction by x-rays of recessive lethal mutations 
appears to have been altered in one direction while their sensitivity to 
induction of dominant lethal mutations has been simultaneously altered in 
the opposite direction. 

The first circumstance concerns a difference of strain. Demerec, Kauf- 
mann, and Hoover! have reported that an Oregon-R strain exhibits both a 
lower recessive lethal mutation rate and a higher dominant lethal mutation 
rate than the Swedish-b strain. 

The second circumstance involves the age of males at the time of irradia- 
tion: Hansen and Heys,’ in an experiment which seems to have attracted 
remarkably little attention, report that the sensitivity of the chromosomes 
in the sperm to the induction of recessive lethal mutations decreases fairly 
rapidly with the age of males at time of irradiation. The writer has 
found the opposite effect for dominant lethal mutations (as measured by 
proportion of eggs hatching from females fertilized by irradiated males), 
the survival, for a dose of 2300 r units, being about 60% where the males 
are 1 day old and about 42% where the males are 16 days old. Eighteen 
pairs of flies in four age groups were tested and the chi square for variation 
within all age groups is 5.65 with 14 degrees of freedom (P = 0.95-0.98) 
and between age groups is 17.67 with 3 degrees of freedom (P less than 
0.001). The chi square within age groups seems suspiciously high but this 
is probably a matter of chance since in a number of dominant lethal ex- 
periments performed here the chi squares within groups have shown 
reasonable agreement with values expected in random sampling. It should 
perhaps be emphasized that in the experiments of Hansen and Heys as 
well as in those reported above the males were isolated before copulation. 

The third circumstance involves differential effects of neutrons and 
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x-raysin the production of mutations of the two categories. Using a physical 
estimate of the number of ions per cc., the uncertainty of which would not 
affect the relative results, neutron-produced ions were found to be about 
0.75 times as efficient as x-ray-produced ions in the induction of recessive 
sex-linked lethal mutations (which is. in reasonable agreement with the 
results of Timofeeff-Ressovsky and Zimmer,’ considering the differences in 
ionization-measuring instruments), and about 1.5 times as efficient in the 
production cf dominant lethals, where doses of x-rays and neutrons are 
applied which result in the death of 50% of the F; eggs. 

It may be significant that the efficiency of neutron-produced ions in the 
induction of gross (genetically detected) translocations appears to be inter- 
mediate, compared to x-rays, to their efficiencies in the production of re- 
cessive and dominant lethals. The factor obtained (approximately 1.25) 
applies for a dose equivalent to 2500 r units of x-rays. 

The data obtained are not critical for determining whether there may be 
some differences in the general dosage-aberration relationships for neutrons, 
as compared to x-rays; such a difference has been reported by Giles‘ for 
the case of exchange breaks in 7vadescantia microspores. 


1 Carnegie Inst. of Washington, Yr. Bk., No. 37, 40-47 (1938). 
2 Amer. Nat., 68, 166-167 (1934). 

3 Naturwiss., 26, 21-22, 362-365 (1938). 

4 Proc. Nat. Acad. Sct., 26, 567-575 (1940). 


LINKAGE STUDIES OF THE RAT (RATTUS NORVEGICUS) IV 
By W. E. CasTLeE, HELEN DEAN KING AND Amy L. DANIELS 
UNIVERSITY OF CALIFORNIA, WISTAR INSTITUTE AND UNIVERSITY OF IOWA 


Communicated May 5, 1941 


A new mutation of the rat, “‘wobbly,” was first observed in September, 
1933, in the laboratory of Professor Amy L. Daniels at the University of 
Iowa, in the course of an experiment in which the effects of variation in the 
manganese content of the diet were being studied. This mutation is a 
simple recessive in inheritance and is characterized by a peculiarity of 
locomotion of affected individuals first observable at about the time the 
eyes open at the age of 14 days or earlier, locomotion being jerky instead 
of the normal steady gliding movement of the young when taken from the 
nest and placed on a table. The young wobbly individual may stand in a 
hesitating attitude with head and particularly tail elevated, before it be- 
gins to crawl. Then it progresses a step at a time with a slight jerk of the 
body first forward then backward as each step is taken. The contrast is 
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very striking to the steady, smooth locomotion of normal animals, with 
head and tail horizontal. The peculiar behavior of the wobbly rats was at 
first thought to be an indication of manganese poisoning but this explana- 
tion was abandoned when repetition of the experiment failed to reproduce 
the wobbly symptoms. 

Dr. Daniels states that the animals used in the first experiment were 
descendants of the Wisconsin stock which had been inbred in her labora- 
tories here in Iowa and in Wisconsin since 1914. Inquiry of Professor 
Steenbock regarding the development of any such abnormality among his 
animals which were of the same original stock threw no light on the sub- 
ject. None of his rats had ever shown such symptoms. Dr. Ingram, the 
neurotomist who saw these animals, thought the condition was the result 
of an infection of the inner ear. Histologic sections, however, showed no 
abnormality. This is a finding similar to that made by several investiga- 
tors in the case of the Japanese waltzing mouse. 

In repeating the experiment new uncontaminated animals were fed 
during four generations various levels of manganese (from 1.5 mg. to 30 mg. 
per rat per day) as manganese sulphate. The manganese sulphate in 
solution was added to a small amount of milk and fed apart from the 
stock ration, each animal thus consuming his allotted portion. Neither 
during the year nor subsequently have there appeared any rats with these 
queer symptoms. 

Having failed to reproduce the wobbly symptoms by manganese and 
manganese-fluorine diets, Dr. Daniels made a reéxamination of her records 
and found that a certain number of rats from the stock colony had been 
used in a comparative study of bone development in rats and human in- 
fants, in the course of which the rats had been subjected to x-rays, and later 
restored to the stock colony. It is possible but not certain that one or more 
x-rayed individuals may have been among the ancestors of wobblies, but 
even if this were true, it is doubtful whether the x-raying can reasonably 
be regarded as the causative agent, since spontaneous mutations affecting 
nervous behavior (waltzing in rats, mice, and guinea-pigs, “shaker’’ be- 
havior in mice) have occurred without x-ray treatment. 

When Dr. Daniels came to the conclusion that the wobbly state was due 
to a genetic mutation, however caused, she offered generously to share her 
material with the co-authors for a study of its linkage relations with other 
known genes, of which they possessed a nearly complete assortment. 
Accordingly wobbly stocks were established in Berkeley and Philadelphia 
and a comprehensive program of linkage tests was outlined. 

At that time two linkage systems had been established for the rat, as 
follows. Chromosome I was known to contain five mutant genes, in the 
order / cr pw. Chromosome II was known to contain two mutant genes, 
Cu and b, but while this investigation was in progress a third mutant gene 
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an was found to lie in Chromosome II, the order of the three genes being 
Cuan b. Seven other mutant genes had been shown to be independent of 
genes in Chromosomes I and II and of one another, thus being markers 
of as many independent chromosomes. They are genes a, Cus, d, h, hr, j 


and k. 

To test the linkage relations of wobbly with one or more genes from each 
of the linkage systems and with each of the seven independent genes, the 
following crosses were made: 


Wobbly (wo) X pink-eye (p); 
Wobbly (wo) X albino (c); 
Wobbly (wo) X anemia (an); 
Wobbly (wo) X curly (Cu); 
Wobbly (wo) X agouti (A); 
Wobbly (wo) X curly (Cuz); 
Wobbly (wo) X dilution (d); 
Wobbly (wo) X hooded (h); 
Wobbly (wo) X hairless (hr); 
Wobbly (wo) X jaundiced (j); 
Wobbly (wo) X kinky (&). 
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Some of these crosses were made in combination, as, for example, 3 and 6, 
the original wobbly stock being homozygous for black hooded (aa hh). 
All data concerning the same gene from whatever cross obtained have been 
combined in a single total, as recorded in the tables. 

Seven of the test crosses were made in Berkeley and four (1°, 2°, 7 and 9) 
were made in Philadelphia. From six of the eleven crosses F; animals were 
back-crossed to double recessive individuals, from which sort of matings 
approximately equal numbers of crossover and non-crossover combinations 
are expected, if no linkage exists. Such a result was actually obtained, as 
shown by the data included in table 1. 


TABLE 1 
BackK-cross DATA ON THE LINKAGE RELATION OF WOBBLY TO S1xX OTHER MUTANT 
GENES 
NON- CROSS- DEV./ 

CROSS GENE CROSSOVERS OVERS DEVIATION P.E. P.E. OBSERVER 
1 p 93 97 2.0 4.6 0.48 Castle 
2° Cu 24 25 0.5 2.3 0.02 King 
3 a 45 37 4.0 3.0 1.30 Castle 
4 Cue 70 70 0 4.0 0 Castle 
5 d 103 107 2.0 4.9 0.41 Castle 
6 h 211 188 11.5 6.7 1.76 Castle 


For the four remaining crosses (2, 7, 8 and 9) backcrosses of the ordinary 
type were not possible since double recessive individuals either could not be 
obtained or were very feeble because of the lethal or enfeebling character of 
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the combination. Accordingly a method outlined by Castle in 1939 was 
followed. F, was mated to animals carrying neither of the two genes in- 
volved in the cross. The progeny of such matings were tested individually 
for presence of each of the two genes contributed to F, in the repulsion re- 
lationship. The tests were made by mating the individual to be tested to 
an ordinary F; individual. A litter of six or more young was considered a 
conclusive test. The animals tested fall into four classes, viz. (1) carriers 
of both mutant genes, (2) carriers of neither, (3) carriers of one gene only 
and (4) carriers of the other gene only. Classes (1) and (2) would have re- 
ceived crossover combinations from the F, parent; classes (3) and (4) 
would have received non-crossover (repulsion) combinations from the F; 
parent. From table 2 it will be seen that in crosses 2, 8 and 9, no significant 


TABLE 2 


DATA ON THE LINKAGE RELATION OF WoBBLY TO Four OTHER MuTANT GENES, 
OBTAINED BY THE ‘“‘LETHAL TEST’’ METHOD 


NON- CROSS- DEv./ 
CROSS GENE CROSSOVERS OVERS DEVIATION P.E. P.E. OBSERVER 
2 an 82 79 1.5 4.3 0.35 Castle 
7 hr 71 48 11.5 3.68 3.12 King 
8 j 72 71 0.5 4.0 0.12 Castle 
9 k 65 66 0.5 3.8 0.13 King 


difference is found between the totals for crossover and non-crossover com- 
binations, respectively, but in cross 7 a significant difference is found, non- 
crossovers being in excess, showing repulsion between wobbly and hairless, 
which establishes their location in the same chromosome (which we shall 
designate Chromosome III) with an indicated loose linkage between the two 
genes of 40.33 + 3.09 per cent, which is very similar in amount to the linkage 
in Chromosome II, between genes Cu and b, which was found by King and 
Castle (1935) to be 40.48 + 1.35. 

In testing for linkage between hairless and wobbly (cross 7) by the lethal 
test method, Dr. King mated 119 outcross individuals to F; animals. Of 
these 


Non- 32 produced normal and wobbly young; 
crossovers 39 produced normal and hairless young; 
20 produced normal and both wobbly and hairless young; 


Coomanans 28 produced normal but neither wobbly nor hairless young. 


The odds are 27 to one against the occurrence of so great an inequality as 
this between crossover and non-crossover classes by chance alone. 

Supplementing cross 1, and confirming the finding from the cross with 
pink-eye that wobbly does not lie in Chromosome I, a cross (1°) was made 
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by King between wobbly and albino (c). An F, population of 186 young 
consisted of the following classes: 


C Wo C wo c Wo Cc wo 


Observed 87 41 45 13 
Expected 104.6 34.9 34.9 11.6 


No indication of linkage is given by this population, since the critical 
recombination class c wo which could arise only from crossover gametes is 
even slightly greater than expected. 

Summary—The mutant gene ‘‘wobbly”’ discovered by Daniels has been 
shown by linkage tests made by King and Castle to lie in the same chromo- 
some (III) as hairless, with a crossover percentage of 40.3 + 3.1. 


1 King, Helen Dean, and Castle, W. E., ‘‘Linkage Studies of the Rat,’’ Proc. Nat. 
Acad. Sci., 21, 390-399 (1935). 

2 King, Helen Dean, and Castle, W. E., ‘‘Linkage Studies of the Rat, II,’’ Jbid., 23, 
56-60 (1937). 

3 Castle, W. E., and King, Helen Dean, ‘‘Linkage Studies of the Rat, III,” [bid., 26, 
578-580 (1940). 

4 Castle, W. E., “(On a Method for Testing for Linkage between Lethal Genes,” 
Ibid., 25, 593-594 (1939). 

5 Griineberg, H., ‘‘Linkage Relations of a New Lethal Gene in the Rat,’’ Genetics, 24, 
732-746 (1939). 


THE EFFECT OF ADULT BODY COLOR MUTATIONS UPON THE 
LARVA OF DROSOPHILA MELANOGASTER 


By KATHERINE S. BREHME 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, COLD SPRING 
HarRBor, N. Y. 


Communicated May 14, 1941 


In an organism widely used, as is Drosophila melanogaster, for genetical, 
cytological and embryological experimentation, the effects brought about 
during development by those mutations which alter the adult phenotype 
are of importance from both the theoretical and the practical standpoints. 
From the theoretical point of view, the genetic factors whose effects are 
recognizable during embryogeny offer rich material for the study of the 
mechanism of gene action, since observations upon the early action of a 
gene may provide information which is important in understanding its 
effect upon the adult. From a utilitarian standpoint, mutants which can 
be identified during the larval period are useful in classifying the larvae 
required for salivary chromosome preparations, for transplantation experi- 
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ments and for studies of physiology and growth. The color of the larval 
Malpighian tubes of certain eye-color mutants and that of the mouth arma- 
ture of larvae homozygous for the body color mutation, yellow, is avail- 
able for use in this manner: Other genetic factors which affect the larva, 
such as chubby, giant, vestigial and the Minutes, cannot be used for classi- 
fication because the expression of the mutant character overlaps the wild 
type or because penetrance is low. 

It was found by Brehme! in 1937 that the cephalopharyngeal skeleton or 
“‘jaws”’ of the larva homozygous for yellow are lighter in color at all stages 
from hatching to pupation. The wild-type mouthparts are dark brown; 
those of the yellow larva are golden in the first instar, and golden brown at 
the basal region during the second and third instars. Classification of the 
living larva can readily be made at all stages by means of this difference. 
Kaliss,? in an embryological study of a deficiency, Df(1) 260-2, in which the 
yellow and achaete loci are lacking, found that the larvae which are hemi- 
zygous for the deficiency and die in the late embryonic stage have yellow 
mouthparts. In view of these two cases, it has seemed desirable to ex- 
amine the yellow alleles and other body and bristle color mutants for their 
effect upon the larval stage. 

Methods.—Mass matings were made of each stock under consideration, 
and eggs were collected over a 24-hour period by a modification of the 
bottle-cap method of Schweitzer,* using a standard banana-agar. The 
medium on which the eggs had been laid was then placed in Petri dishes 
containing banana-agar seeded with live yeast suspension. As preliminary 
observations showed no difference in the color of the mouthparts of opti- 
mally fed and of small, inadequately fed larvae, no attempt was made 
subsequently to control the number of larvae inaculture. All experimental 
material was maintained at 25°C. 

The larvae were examined under a binocular microscope, against a white 
background. Observations were facilitated when the larvae were immersed 
in water. Both living and dissected larvae were examined, and permanent 
mounts in balsam were subsequently made of the mouthparts. 

At the moults which signalize the end of the first and second instars, the 
mouthparts are shed with the hypodermis. Previous to the moult, new 
mouthparts are formed by hypodermal tissue and underlie the older jaws 
until the latter are shed. The new mouthparts are colorless from the time 
of their appearance until the moult; they then darken within a few min- 
utes. In observing the color of the larval jaws, it is therefore essential to 
examine larvae in which this process of darkening has been completed. 
For this reason larvae can be studied throughout the first instar but only 
during the late second and third instars. 

Results.—All available mutants were examined which affect adult body 
or bristle color, and each was compared with larvae from the Florida or 
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Swedish-b wild-type stocks. The larval mouthparts of the wild type are 
heavily pigmented with what is generally conceded to be melanin. The 
mouth hooks, mentum and anterior part of the vertical plate (Fig. 1) are 
very dark brown, almost black; the posterior, basal prongs are less pig- 
mented than the rest and appear golden brown at the tips. 

The results are summarized in table 1. Of the mutations which darken 
adult body color (black, ebony, sable, dusky and speck) only the ebony 
alleles darken the color of the larval mouthparts. The difference between 
the ebony and wild-type larvae is not great and is not useful for classifica- 
tion. This result is to be expected, since the wild-type jaws are already 
very heavily pigmented. It was, however, observed that the sclerotization 
around the posterior spiracles, which is golden in the wild type, is dark in 
the ebony mutants at all stages 
of the larval period. The an- 
terior spiracles, which are 
sclerotized only in the third 
instar, are similarly darkened 
at this time. This darkened 
color of the spiracle sheaths 
characterizes the alleles ebony, 
ebony‘ and ebony!!, and is 
visible, although the difference 
' is less great, in ebony-sooty. 
This larval character can be 
used for classification as early 

Mouthparts of the third instar larva of wi hatching from the €88- 
D. melanogaster, adapted from Sturtevant.‘ No difference from the wild 
Lateral view; all parts shown in the diagram type in color of the spiracle 
are paired. sheath has been observed in 

any other mutant. 

Certain of the mutations which lighten the body or bristle color of the 
adult do not affect the larval mouthparts—silver, Blond translocation, 
straw, straw‘ and yellow’. In the majority of cases, however, lightened 
pigmentation of the adult is paralleled by a lighter color of the larval jaws; 
the tan alleles, straw’ and straw,? and all the yellow alleles except yellow*’ 
produce this effect. The greatest difference from the wild type is seen in 
the cases of yellow*”’ and yellow”, although it cannot be said that the 
adults of these genotypes are markedly lighter in color than the other ex- 
treme yellow alleles, such as yellow or yellow.‘ One case of factor inter- 
action was studied: the yellow-silver combination, in which the flies are 
lighter in body color than either yellow or silver, shows a corresponding 
difference in color of the larval mouthparts, which are lighter than those of 
yellow. 
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In general, it may be said that where the difference in color of mutant and 
wild-type larval jaws is great, classification is possible as early as hatching 
from the egg; where the difference is slight, only third instar jaws can be 
classified in the living larva, and in certain cases, classification is reliable 
only when the mouthparts are dissected from the larva. No sex difference 
has been observed in the color of the larval mouthparts of any genotype. 
Although a large number of eye color mutants and other stocks have been 
examined, no effect on color of the larval jaws has ever been found except 
in those cases listed in table 1. 

Three of the stocks studied, yellow*”, yellow 3P and duplication 260-255, 
show mottling for yellow in the adult. No indication of mottling was 
found in the larval mouthparts. 

In examining the Malpighian tube color of the larvae of certain eye color 
mutants, Beadle’ found one case of maternal or premeiotic effect; homo- 
zygous light larvae have colorless tubes if they are the offspring of homo- 
zygous light females, wild-type (yellow) tubes if the mothers are hetero- 
zygous for light. Each of the yellow alleles listed in table 1 were tested for 
such an effect by outcrossing to the Swedish-b wild-type stock and subse- 
quent backcrossing to yellow; the larvae of the backcross generation 
segregated for yellow in the expected 1:1 ratio and the color of the larval 
jaws of the yellow segregants were in all cases indistinguishable from those 
of the parent yellow stock. The color of the larval mouthparts of the yel- 
low alleles, therefore, does not show a maternal effect. 

Discussion.—Melanin production is the end-result of a series of chemical 
reactions which involve tyrosinase, oxygen and a chromogen, and the 
amount of melanin produced may be affected through an effect upon any 
one of these substances, as well as through other factors which influence 
the reaction. The only quantitative study which has been made of the 
melanin-producing system in Drosophila is that of Graubard,* who mea- 
sured the relative quantities of extractable tyrosinase in larvae and pupae 
of the wild-type, yellow, black and ebony genotypes. He found that yel- 
low larvae and pupae do not contain less tyrosinase than the more heavily 
pigmented stocks; in fact, in the pupal period, the relative tyrosinase con- 
tent may be indicated as: y> + >b>e. By different methods of ex- 
traction, he was led to conclude that inhibitors of tyrosinase activity are 
present in both larval and pupal stages, and that the production of melanin 
is not so much a question of the presence or absence of the enzyme or its 
quantity as of an internal environment which allows the enzyme to take 
part in the reaction. No study has been made of the oxygen consumption 
of the larvae and pupae of the body color mutants, nor of the nature of the 
chromogen involved in melanin production. The body color mutants may 
therefore have their effect on pigmentation through inhibitors of tyrosinase 
activity, through the rate of oxygen uptake, through some aspect of the 
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chromogen or through changes in the internal environment of the larva or 
pupa. 

Graubard found by extraction of tyrosinase with chloroform that larvae 
contain the enzyme and a substrate, pupae only the enzyme, while no 
enzyme is present in the fly. It is thus probable that at least the eariy 
steps of formation of adult pigment take place in the larval and early pupal 
stages. It is not, therefore, surprising that genetically controlled differ- 
ences in adult pigmentation are frequently paralleled by differences in 
larval pigmentation. 

Certain of the mutations which lighten pigmentation affect three charac- 
ters, body color, bristle color and color of the larval mouthparts. Others 
affect only two of the characters, while several mutants affect only one. 
The following relations may be derived from table 1: 


Body color, bristles and larval mouthparts affected: stw’, stw*®, y, y‘, y', 
yl, y*5, v4, 982, y5!?, 7828 1D (1)260-25b, Df(1)260-10. 

Body color and bristles affected, not larval mouthparts: none. 

Body color and larval mouthparts affected: 1, 22, 8, y?, y, y°”, y*4, y”, 
yale, ti 

Body color only affected: stw‘, sur, y**. 

Bristles and larval mouthparts affected: stw (slight effect). 

Bristles only affected: Blond. 

Larval mouthparts only affected: none. 


These relations indicate that when the processes of melanin production 
are sufficiently upset to affect both adult body and bristle color, the effect 
begins early and influences larval melanin also; an effect on body color but 
not on bristle color may also be accompanied by an effect on larval melanin. 
In most cases, a considerable upset appears necessary to influence the 
deposition of the pigment as early as the larval stage. It would seem, how- 
ever, that bristle color is less often affected by genetic agencies than either 
body color or color of the larval jaws. This may mean that less pigment- 
forming material is necessary for pigmentation of the bristles or, as is more 
likely, that bristle pigment is laid down at a time particularly favorable for 
melanin production. 

Summary.—Pigmentation of the larval mouthparts and spiracle sheaths 
has been studied in the mutations of D. melanogaster which influence adult 
body or bristle color. Of the mutants characterized by darkened adult 
pigmentation, only the ebony alleles were found to increase pigmentation 
of the larval mouthparts. The ebony alleles considerably darken the 
spiracle sheaths at all stages of larval development; no other genetic factors 
were observed to have this effect. In general, the mutants whose adult 
body color is lighter than wild type are characterized by lighter pigmenta- 
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tion of the larval mouthparts. “Bristle color appears to be affected less 
often than either body color or mouthpart pigmentation. 


1 Brehme, K. S., Proc. Soc. Exp. Biol. Med., 37, 578-580 (1937). 

2 Kaliss, N., Genetics, 24, 244-270 (1939). 

3 Schweitzer, M. D., Drosophila Information Service, 6, 19 (1936). 
4 Sturtevant, A. H., Pub. Carnegie Inst., 301, 150 pp. (1921). 

5 Beadle, G. W., Amer. Nat., 71, 277-279 (1937). 

6 Graubard, M., Jour. Genet., 27, 199-218 (1933). 


THE SPERMATOPHORES OF TRITURUS TOROSUS AND 
TRITURUS RIVULARIS 


By ROBERT EMRIE SMITH 
DIVISION OF PHYSIOLOGY, MEDICAL SCHOOL, UNIVERSITY OF CALIFORNIA 
Communicated April 28, 1941 


During the course of studies on the breeding activities of the western 
newts! the writer has had occasion to observe the spermatophores of Tri- 
turus torosus (Rathke) and of the closely related Triturus rivularis (Twitty). 
Concerning the latter, Twitty? gives incidental reference to the deposition 
of a spermatophore by a captive male. However, since there is in the 
literature no other allusion to the spermatophore either of this species or of 
T. torosus,* the following observations appear pertinent. 

It is known that the glands in the cloaca produce the secretions which 
form the spermatophores. Moreover, these glandular products may be 
traced by their staining reactions and composition from the glands of 
origin directly to the spermatophore. In 7riturus torosus the pelvic glands 
in the roof of the cloaca produce a coarse granular secretion which is deeply 
eosinophilic in prepared material but opaque white in the fresh condition. 
Its function has been described for other species (cf. Noble,* p. 287, and 
Noble and Brady‘) as being that of agglomerating the sperm cells into a 
mass, or sperm capsule, and subsequently of attaching this mass to a gelati- 
nous supporting structure, the spermatophore stalk. Studies of the 
cloaca and sperm mass in 7. torosus disclose that in this species also the 
secretions of the pelvic gland operate in holding the sperm together and in 
attaching the oblong mass to the apical horn of the stalk. This is further 
shown in the stained spermatophore, where the pelvic secretion may be 
seen covering the tip of the apical horn. 

The arrangement of the sperm cells within the mass is of some interest 
and may be contrasted with that observed by Noble and Brady (loc. cit., 
p. 104) in Ambystoma opacum. Here it is stated: ‘‘The spermatozoa are 
spread over the top of the spermatophore. A remarkable feature is that 
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the heads of the spermatozoa are often all directed the same way. Thus in 
the micro-photograph (Fig. 90) of the head of one of the spermatophores 
it may be noticed that the spermatozoa covering one of the four summits are 
directed outward. This orientation of the spermatozoa would appear to 
be advantageous to a rapid impregnation.’”’ In Triturus torosus there is 
no marked orientation of the sperm, for they are variously aggiomerated 
within the mass, usually in fascicles of perhaps 50 or more cells; the direc- 
tion of any one of these fascicles appears to be largely independent of the 
others within the mass of the sperm capsule. 

There is a single sperm capsule, or head, to the spermatophore of 771- 
turus torosus. This is attached to the apex of the central member of the 
three recurving points (see 
Fig. 1) which crown the sum- 
mit of the gelatinous stalk. 
The head retains its delicate 
attachment for only a short 
time after deposition, a very 
slight disturbance of the 
water being sufficient to dis- 
lodge it. Consequently, of 
the many spermatophores 
noted, both during and shortly 
after emission, but few were 
observed intact. None of 
these could be kept in this 
condition long enough to per- 
mit photographing. 

Measurements of the sper- 
matophore parts, together with 





FIGURE 1 


Frontal view of the spermatophore stalk 
of Triturus torosus (X 1.4). The opacity at 
the apex of the median projection marks the 
point of attachment of the sperm head to the notes on gross appearance may 
stalk. be summarized as_ follows. 


Head (sperm capsule): shape, 
oblong when deposited, becoming spherical within ten minutes following 
deposition; length, 3.0 millimeters; width, 2.3 millimeters; coloration, 
opaque white; surface, irregular and poorly defined; substance, a viscous 
agglomeration of sperm throughout; restricted only by diffuse membrane; 
attachment, to apical horn of stalk by single terminal strand. Stalk: 
(Fig. 1) shape—apex consisting of three recurving points, the two laterals 
short, the median extended into a terminal falcate horn, with opaque fila- 
mentous axial portion; central portion of stalk roughly cylindrical, hollow 
and perforated laterally by an oval opening; base oblong in section, flaring 
abruptly from the central portion, with about twelve slightly opaque 
fibrillar lines radially arranged; substance, a firm gel, collapsing out of 
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water, resuming form when returned; coloration, transparent, colorless 
except for fibrillar opacity in central horn of apex; approximate measure- 
ments of stalk: 


Height (base to apical falcate curve)....................... 11.0mm. 
PRON NS LEC chess Siig hails (oti is fa We ory okie es was Ba 16.0 mm. 
eet ie NIA SERIO os oki goes ne ee ei is bea ee eves 7.0 mm. 
Width across two lateral prongs). i... i le ac les 8.0 mm. 
Length of apical falcate horn from curve................... 1.5 mm. 
Lateral Witter Ol TatCOle BOON 5. See ees hace ee be cae 0.8 mm. 
Vertical width of falcate horn 

MT ARMN Cds otros he ake osh AWi Ng Gs Sis BON ANA a Sistd et EN 1.5mm. 

fe a a ae ee ee Cette te Mearns Crane eee ree 0.5 mm. 
Lateral aperture (in central portion of stalk) 

Batts Mella IEE Re Se tise sceey Pep ee TnSe ex cindy Bae eee eee ad OP 2.5mm. 

Se a eae en ERC tU US re AOATIS UR Ae awe PEP 7.0 mm. 


The number of spermatophores deposited by individual males of 7. 
torosus in the laboratory has never exceeded four, and the usual number 
under these conditions is two or one. On the assumption that the number 
of emissions will depend in general upon the amount of testicular material, 
considerable variation may be expected in the quantity of spermato- 
phores deposited by individual males even in nature. This is contingent 
upon the fact that we are dealing with a somewhat heterogeneous age dis- 
tribution in which the number of testicular lobes tends to increase as the 
age.® 

While the spermatophores of Triturus torosus have been abundantly 
noted, their homolog in 7. rivularis must be described from a single speci- 
men obtained from one of three amplectic pairs confined in the laboratory 
aquaria. When first’ noted the head of the spermatophore had already 
become disengaged from its stalk, but both parts still remained in excellent 
condition; the latter circumstance indicated very recent deposition. 

When compared with the spermatophore of T. torosus that of T. rivularis 
appeared to differ only in minor features. The stalk of the latter was simi- 
lar but somewhat less rugged; there was less fibrillar scaffolding material 
at the apex, and the falcate horn appeared more delicate and mucid than 
in the torosus product. Measurements and photographs were not taken 
since the stalk was somewhat damaged during removal from the substratum. 
Because of the foregoing exigencies a more detailed comparison cannot be 
given at present. However, one further point of difference may be noted, 
namely, that the stalk of the spermatophore from rivularis was very firmly 
attached to the substratum.t By contrast, those of torosus have often 
remained fixed only momentarily and seldom for more than a few minutes. 

Field data extend limited support to this apparent difference in degree 
of fixation; during the current breeding season the writer has obtained, 
for the first time in the field, spermatophore stalks of torosus. Two of 
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these were found, both floating near the surface in quiet water sinks some 
distance from the main breeding pond (located near Berkeley, California). 
Unfortunately, analogous data on 7. rivularis are lacking, but it appears 
relevant to note certain differences in the typical breeding sites of the two 
species in question. T. rivularis ordinarily breeds in fairly rapid streams 
where a clean, rocky substrate prevails; T.torosus, on the other hand, pre- 
fers the quieter waters of ponds and eddy pools, situations which ordinarily 
afford little solid material as bases for spermatophore attachment. Thus, 
at least to the extent of the foregoing generalizations, it is possible that a 
stronger fixation of the stalk in rivularis would in some degree facilitate the 
mating of this species under the conditions of its breeding environs. 


* Ritter (Proc. Calif. Acad. Sci., ser. 3, Zool., 1, 73-114, 1897) found certain masses 
of sperm from this species. Concerning them he states: ‘‘From my present knowledge 
these would be more properly called drops of semen than spermatophores.’”’ Ritter 
observed three such masses. One he found “. . . contained in and protruding from the 
cloaca of an amplectic female . . .’”’ Another was found on the substratum of the 
aquarium in which was a captive male; a third was taken from the cloaca of a male. 
During the present work with torosus many such masses of sperm have been noted 
protruding from the cloaca of the female, and it is clear that these represent only the 
head of the spermatophore which the female ordinarily removes from the stalk after 
emission by the male. 

¢ Dr. Twitty (oral communication) indicates that the spermatophore which he found 
deposited by 7. rivularis in the laboratory was also firmly attached to the floor of the 
aquarium. 

1 Smith, R. E. (in press) (1941). 

2 Twitty, V. C., Copeia, Ann Arbor, 1935 (2), 73-78 (1935). 

’ Noble, G. K., The Biology of the Amphibia, McGraw-Hill (1931). 

4 Noble, G. K., and Brady, M. K., Zoologica, New York, 11 (8), 89-132 (1933). 

5 McCurdy, H. M., Amer. Jour. Anat., Philadelphia, 47, 367-399 (1931). 


ON A CLUSTER OF NEBULAE IN HYDRA* 
By F. Zwicky 
NORMAN BRIDGE LABORATORY OF PHysIcs, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 2, 1941 


Clusters of nebulae are the largest known aggregations of matter which 
possess definite individual characteristics. In preparation of a theoretical 
study of the large scale distribution of matter in the universe we propose to 
analyze some simple structural features of a number of clusters of nebulae. 
Most of the observational data used were obtained with the 18-inch Schmidt 
telescope on Palomar Mountain. Photographs taken with this instrument, 
because of their excellent and uniform definition over a field of about 
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seventy square degrees are well suited for a survey of a number of the 
more near-by clusters of nebulae. 

In the present report we shall be concerned with a cluster of nebulae in 
Hydra. The three nebulae NGC 3285, 3309 and 3312, the apparent magni- 
tudes of which according to the Shapley-Ames catalog are m = 13.2, 12.7 
and 13.1, respectively, lie near the line of sight of the center of the cluster 

















FIGURE 1 
The hydra cluster of nebulae. 


(at about R.A. 10" 34”, Decl. —27° 16’, epoch 1950). The distribution of 
the nebulae brighter than about the apparent magnitude m = 16 is shown 
in figure 1. 

In order to determine the radial distribution of the nebulae circles whose 
radii are equal to  X 10’ were drawn around the center of the cluster 
and in each ring of 10’ width the total number of nebulae was counted in 








266 ASTRONOMY: F. ZWICKY Proc. N. A. S. 


the four quadrants fixed by the north-south and the east-west directions. 
These counts are given in table 1. The number of nebulae in a ring of outer 
radius 7 is n,. 


TABLE 1 


CounNTS OF NEBULAE IN RINGS WHOSE WIDTH Is 10 MINUTES OF ARC 


NUMBER —————-QUADRANTS————_—_ 
OF RING NE SE sw NW Mr Nr 
1 2 10 5 4 21 243.6 
2 7 10 9 6 32 123.0 
3 6 8 3 3 20 46.4 
4 2 : 4 3 16 26.7 
5 8 6 7 4 25 32.5 
6 8 7 4 6 25 26.7 
7 2 8 3 4 17 15.1 
8 7 2 6 1 16 12.4 
9 4 3 4 3 14 9.5 
10 2 2 1 1 6 Rf 
11 a 6 4 1 4 15 8.2 
12 6 3 3 2 14 re | 
13 2 3 0 1 6 2.8 
14 4 7 3 0 14 6.0 
15 5 8 2 3 18 7.2 
16 0 1 0 2 3 1.2 
17 1 0 2 9 12 4.2 
18 0 10 1 1 12 3.9 
19 3 3 4 4 14 4.4 
20 3 5 5 1 14 4.2 
21 3 4 4 0 11 3.1 
22 4 2 1 2 9 2.4 
23 5 10 1 1 17 4.4 
24 4 1 2 6 13 3.1 
25 1 2 3 10 2.3 
Total 95 128 77 74 374 


In all of the rings which together cover a circle of 25 K 10’ = 4° 10’ of 
are radius a total of 374 nebulae was counted. From table 1 it follows 
that the Hydra cluster, similar to the Coma cluster,! possesses great 
spherical symmetry and that it, therefore, seems to be a cluster which has 
very nearly reached a statistically stationary state. This conclusion is 
further borne out by the radial distribution of the nebulae. In column 7 
the number N, of nebulae per square degree in dependence of the distance 
r from the center is tabulated. In figure 2 the values of logio N, in de- 
pendence of 7 are plotted. The similarity of the radial distribution with 
that previously obtained for the Coma cluster! and with the distribution of 
matter to be expected for an Emden: isothermal gravitational gas sphere is 
at once apparent. An intercomparison of different clusters and a dis- 
cussion of the physical significance of the radial distribution curves will 
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be given in another place after some additional similar clusters have been 
analyzed. 

According to Hubble? the absolute magnitude of the fifth brightest nebula 
in a cluster is about M; = —16.4. The apparent magnitude of the fifth 
brightest nebula in the Hydra cluster is about m; = 13.2. Introducing the 
usual correction for local obscuration? at the galactic latitude 8 = 27° of 
the cluster the apparent magnitude m,’ of the fifth brightest nebula re- 


duced to the galactic pole becomes 


ms’ = 13.2 + 0.25 (1 — cosec B) = 12.9 (1) 

















FIGURE 2 
Radial distribution of nebulae in the hydra cluster. 
and the distance p (in parsecs) of the Hydra cluster 
logio Pp = 1 + (ms’ — Ms)/5 = 6.86 (2) 
or 
p = 7.3 X 10° parsecs = 24 million light years (3) 


The red shifts (apparent velocities v of recession) for nebulae in the Hydra 
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cluster according to Hubble should be expected to be given by the rela- 
tion 


logio v = 0.2 ms’ + 1.025 = 3.615 (4) 
or 


v ~ 4100km/sec (5) 


From the curve in figure 2 it follows that the Hydra cluster has a diam- 
eter of at least ten degrees and that the number N, of nebulae per square 
degree in the surrounding field is of the order Ng = 1.8 (logio Ng = 0.25). 
Correcting for local obscuration and for zenith distance* the number of 
nebulae which should be expected if the Hydra cluster were located at the 
galactic pole and if it could be observed at the zenith distance zero, is 


log N = log Nz — 0.15(1 — cosec 8) + AZ (6) 


where according to Hubble* for a zenith distance of Z = 63° we have AZ ~ 
0.20 and therefore 


log N = 0.615 (7) 


Since for nebular counts including all nebulae brighter than the limiting 
apparent magnitude m, it is* 


log N = 0.6m, — 9.1 


our counts of the Hydra cluster roughly include all nebulae whose magni- 
tude corrected for local obscuration is of the order 


In the previously given analysis! of the Coma cluster of nebulae which lies 
near the northern galactic pole and which consequently at Palomar can be 
photographed near the zenith, the corresponding limiting magnitude at 
which nebulae could safely be distinguished from stars on photographs ob- 
tained with the 18-inch Schmidt telescope was 


The Hydra cluster cannot at Palomar be photographed at any zenith dis- 
tance smaller than 63°, for which an extinction Am, = 0.30 in apparent 
photographic magnitude must be expected, a fact which satisfactorily ac- 
counts for the difference between the values (8) and (9). 


The roughly 200 nebulae in the Hydra cluster counted in this investiga- 
tion cover a range of only three magnitudes and therefore presumably repre- 
sent less than half the population of this cluster whose further analysis with 
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the help of larger wide angle telescopes such as the 48-inch Schmidt tele- 
scope now under construction should prove profitable. 


* Fifty-six nebulae covering 0.43 square degrees near the center of the Hydra cluster 
are included as group 5 in Shapley’s list of groups of nebulae (Proc. Nat. Acad. Sci., 19, 
591 (1933). 

1 Zwicky, F., Astrophys. Jour., 86, 217 (1937). 

? Hubble, E., The Realm of Nebulae, pages 71, 169, etc., Yale University Press (1936). 

3 Hubble, E., Astrophys. Jour., 79, 139 (1934). 


ENZYMES IN ONTOGENESIS. XVI. ACTIVATION OF 
PROTYROSINASE BY SODIUM ALKYL SULFATES* ' 


By THOMAS HUNTER ALLEN AND JOSEPH HALL BODINE 
ZOOLOGICAL LABORATORY, STATE UNIVERSITY OF IOWA 
Communicated April 5, 1941 


A number of compounds—sodium oleate, sodium taurocholate, Aerosol 
and Duponol—which activate protyrosinase contain both polar and non- 
polar groups (Bodine and Allen,? Bodine and Carlson®). Thus the property 
of amphipathy is common to these activators.t Since this property ap- 
pears to be fundamental for an explanation of their behavior in solution, 
it ought to be useful to test the members of a homologous series in which 
the polar group is kept constant and the non-polar group is varied. This 
paper, therefore, describes the activation of protyrosinase by sodium alkyl 
sulfates with from eight to eighteen carbon atoms in the non-polar chain.{ 

Diapause grasshopper (Melanoplus differentialis) eggs to the mass of 
41.7 g. were triturated with mortar and pestle, diluted with 0.9 per cent 
NaCl, and centrifuged. The lipoidal layer was aspirated off and the super- 
natant decanted onto 0.2 g. of KH2,PQ,. After two hours at room tem- 
perature, this fluid was centrifuged. The resulting supernatant was 
made to 10 per cent with (NH,)2SO,. An hour later the precipitate was 
centrifuged away and the supernatant made to 25 per cent (NH4)2SOu. 
After a similar interval the precipitate was centrifuged down, mixed with 
100 cc. of 0.9 per cent NaCl, and placed at 0°C. within a cellophane dialyz- 
ing tube. This tube floated in a liter of 0.9 per cent NaCl solution, which 
was thrice renewed within a four-day period. Next, the fluid from the 
tube was centrifuged and the clear, straw-colored supernatant was stored 
at 0°C. This extract, which was used throughout the course of the 
following experiments, contained a quantity of protyrosinase but no tyro- 
sinase (Bodine and Allen‘) and in itself showed no oxygen uptake. 

The Warburg apparatus was used to determine the rate of oxygen up- 
take at 24.9°C. for the enzymic oxidation of tyramine to melanin. A 
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typical experimental arrangement had 0.3 cc. of the protyrosinase extract, 
1.0 cc. of 0.1 Soerensen’s phosphate buffer solution of pH equal to 6.8, a 
varying volume of a sodium alkyl sulfate solution in 0.9 per cent NaCl, and 
a compensating volume of 0.9 per cent NaCl solution in the reaction cham- 
ber of Warburg-Erlenmeyer type flasks. The side bulbs carried 0.3 cc. of 
0.4 per cent tyramine HCl, the substrate, which was decanted into the re- 
action chambers one hour (Fig. 1) after the mixing of the other reagents. 
In all instances the fluid volume, or reaction volume, was equal to 3.0 cc. 
Optically clear stock solutions of the alkyl sulfates in the presence of 
electrolytes were obtained by employing the following procedures. The 
sodium octyl, decyl and dodecy! sulfates were in 0.9 per cent NaCl at room 
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FIGURE 1 
The attainment of equilibrium during the activation of protyro- 
sinase by sodium hexadecyl sulfate. 


temperature. The sodium tetradecyl and hexadecyl sulfates were in 0.9 
per cent NaCl at 35°C. Since the sodium octadecyl sulfate was in redis- 
tilled water at room temperature, a more concentrated NaCl solution was 
added to the Warburg flask so that the electrolyte concentration would be 
equal to that for the other alky] sulfates. 

Tyrosinase activity (Fig. 2) was recorded by a graphic method of inter- 
polation for the reciprocal of the time in minutes necessary for the initial 
100 c. mm. of oxygen uptake. For convenience of expression this value is 
multiplied one thousand times. 

The ascending limbs of these six concentration functions (Fig. 3) appear 
to show the increase in tyrosinase and the decrease in protyrosinase that 
occur in the presence of sodium alkyl culfates. In the absence of an alkyl 
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sulfate there is no perceptible tyrosinase activity. Consequently, the 
enzyme, being inactive, is considered to be entirely present as a protyro- 
sinase. But tyrosinase activity increases with increasing amounts of these 
sodium alkyl sulfates until with an excess of activator the enzymic oxida- 
tion of tyramine utilizes 100 c. mm. of oxygen in 11.1 to 11.2 minutes. 
Prior to the regions through which the protyrosinase to tyrosinase reaction 
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FIGURE 2 


The tyrosinase activity of various amounts of the protyrosinase extract in 
the presence of excess sodium tetradecyl sulfate. 


approaches completion, there is a part in the activation functions of the 
lower members of the series where changes in slope occur. These changes 
become less marked as the series is ascended and disappear with sodium 
hexadecyl sulfate. Since discontinuities are a feature of colloidal systems 
(von Buzagh*), the occurrence of this particular discontinuity was deter- 



































7) *dnoiZ [Aye JY} Ul SWIO}e UOGIS JO JaqUINU Pd}oIpUl 9} YIM SazeJ[Ns [AAT snolseA Aq aseuIsO1AjOId JO UOI}BAT}OV VY 
< € aunold 
Z "We - O1XO2 s! oO"! s‘O "W p-O1X OZ Ss‘ ol $0 "W p-O1 xX O'2 $I ol go 
3} fc) 
& L L 
* p 
L 9! L vi a 
ae y 2 2 oz 
of i iP 5 
= A a i / Cor 
rs bo 
S eo9 ' i 
——— 
ical aaa + s e / -Oo9 
Q x i a 
= ‘ 
a ~O8 
q a 
“ r 
x | | 
? e 
am] 
o 
a 4 
a * "W..01 X "W ,-OIX < 
pt Wv -OIX, ' n } ¢° } 1 ' | 2 ! 1 1 l 0 ro 
= rod) oO} er 8 r 
S ) r s) ‘a r > oz 
S per. a if 
mQ 
i [Or 
Fs % roo 
- r ae ' / toe 
, 4 
ry) -—_—-—_~* | Pare i il 
a 


















Vou. 27, 1941 BIOCHEMISTRY: ALLEN AND BODINE 273 


mined from the second derivative curve plotted with the aid of a tangent- 
meter. Minima corresponding to the “kinks’’ in the activation functions 
were thus obtained. The latter change is at 0.0035M for sodium octyl 
sulfate, 0.00035 for the decyl sulfate, 0.000065M for dodecyl sulfate 
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FIGURE 4 


The efficiency of various sodium alkyl sulfates in the activation of protyro- 
sinase. Abscissa, number of carbon atoms in the alkyl group; ordinate, recipro- 
cal of the concentration times 10 for the indicated tyrosinase activities. The 
ratios of the concentrations which produce half activation are illustrated by 
the inset. 


and 0.000030M for tetradecyl. Although no explanation for this phe- 
nomenon is offered by the authors, it seems worth noting that the transition 
in form resembles an S-shaped adsorption isotherm in contrast to that of 
the Langmuir type (Emmett’). 
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The activation isotherms appear to vary with the constitution of the 
activator molecules. The efficiency of the activators or the reciprocal of 
the concentration for a certain degree of activity is expressed in figure 4. 
With increasing number of carbon atoms, through eight to fourteen, there 
is a decrease.in the number of molecules necessary for a certain degree 
of activity. Beyond fourteen carbon atoms increasing amounts of alkyl 
sulfates are needed. Presumably, the latter shift can be attributed to the 
insolubility of the octadecyl sulfate. A precipitate forms in dispersions 
of the latter compound in this electrolyte solution at 25°C. Thus, it is 
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FIGURE 5 
The effect of the ionic strength of the dispersion medium on the 
activation of protyrosinase by sodium tetradecyl sulfate. In this 
instance the activator is probably being ‘‘salted out.”’ 


probable that the low value for the ultimate tyrosinase activity with sodium 
octadecyvl sulfate (Fig. 3) is due to a constraint which is introduced not 
through lack of protyrosinase but rather through lack of activator. In- 
creasing the ionic strength of the reaction medium, aside from showing a 
general salt effect on tyrosinase (Ailen and Bodine'), seems to cause an 
increase in the concentration of sodium hexadecyl] sulfate needed for a cer- 
tain degree of activity (Fig. 5). A visible correlate of the latter shift is 
the ‘‘salting out’’ of sodium hexadecyl] sulfate. The real efficiency of the 
alkyl sulfates appears, therefore, to be complicated by the introduction of 
a solubility factor that probably does not operate among the lower members 
of the series. Solubility, a technical problem, and amphipathy, a funda- 
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mental property, seem to account for the form of the activation function 
and accordingly for the efficiency. 

Sodium alkyl sulfates belong to a class of compounds which are believed 
to be dispersed in solution according to an equilibrium existing between 
simple ions and micelles composed of them (Hartley®). The constitution 
of the molecule, the total concentration, the temperature and the ionic 
composition of the dispersion medium subject this equilibrium to abrupt 
shifts in the favor of micelles. Thus, for example, the addition of ordinary 
electrolytes affects the adherent ‘‘gegenions’ and consequently depresses 
the critical concentration for the formation of micelles (Hartley®). Since 
protyrosinase is unstable toward various reagents and treatments and is 
liable to change abruptly into tyrosinase (Bodine and Allen*), the activa- 
tion isotherms of protyrosinase ought to be compared with the formation 
of micelles. A prime question has then to do with the total concentration 
at which micelles of sodium alkyl sulfates begin to form. 

The quantity of an alkyl sulfate in the tyrosinase reaction medium can 
be increased so that its concentration is greater than would be the critical 
concentration for micelles in aqueous solution. After such a concentra- 
tion is attained or surpassed, the tyrosinase remains at the constant, high 
degree of activity. Since Hartley found micelles of sodium cetyl sulfonate 
in decinormal acetic acid-acetate buffer solutions (Hartley*) at so low a 
concentration as 0.0001.M, there seems to be some circumstantial evidence 
for the occurrence of micelles through those regions where the protyrosinase 
to tyrosinase reaction is dependent on the concentration of activator. In 
water at 60° the critical concentration for micelles is 0.0076N for sodium 
dodecyl sulfate, 0.0028N for sodium tetradecyl sulfate, 0.00109N for 
sodium hexadecyl sulfate and 0.00039N for sodium octadecyl sulfate. 
These values bear a ratio of 2.7, 2.6 and 2.8 to each succeeding member of 
the series (Hartley). The inset of figure 5 shows a similar comparison, 
but the ratio, 11.9 to 0.1, is not constant for the concentration of activator 
which produces half activation. 

This comparison apparently leads to the conclusion that if micelles are 
involved in the activation of protyrosinase, they appear at concentrations 
not uniformly related to those where micelles form in aqueous solution. 
Moreover, the least concentration for full tyrosinase activity is lower, re- 
spectively, by some 40, 29 and 10 times that concentration for occurrence 
of micelles of dodecyl, tetradecyl and hexadecyl sulfates in water. Because 
the concentration for micelles is probably depressed to a relatively greater 
extent, it seems then that the effect of the reaction medium is of a greater 
magnitude with the short chain than with the long chain compounds. 

Summary.—A protyrosinase from eggs of a grasshopper, Melanoplus 
differentialis (Thomas), can be activated by various alkyl sulfate com- 
pounds with from eight to eighteen carbon atoms in the alkyl group. This 
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protyrosinase seems to change into tyrosinase under the same conditions 
that favor the aggregation of the long chain ions into micelles composed of 
these ions. The latter conditions are discussed in terms of the prevailing 
concentration of ordinary electrolytes in the protyrosinase-tyrosinase re- 
action medium. It is hoped that this study will lead to the future elucida- 
tion of the mechanism for the activation of protyrosinase. 


* Aided by a grant from the Rockefeller Foundation for research in cellular physi- 


ology. 

+t G. S. Hartley® writes, p. 44, ‘‘The property is essentially the simultaneous presence 
of separately satisfiable sympathy and antipathy for water. I propose, therefore, to 
call this property ‘amphipathy’—the possession of both feelings.” 

t These six sodium alkyl sulfate compounds were a gift from E. I. du Pont de Nemours 
and Company to whom the authors are very grateful. The compounds were prepared 
for research purposes from alcohols of more than 99 per cent purity. 
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FIELD PROPERTIES OF THE DEVELOPING FROG’S EGG 
By H. S. Burr 
SECTION ON NEuRO-ANATOMY, YALE MEDICAL SCHOOL 


Read before the Academy, April 29, 1941 


Examination of the biological literature reveals that all living things, 
wherever they have been studied, exhibit electrical phenomena. They are 
present in two forms. The first of these is the alternating current phe- 
nomena recorded, for example, in the electrocardiograph and the electro- 
encephalograph. The second is the relatively steady state direct current 
phenomena found in association with resting organisms and during activity 
and injury. The widespread occurrence of such electrical properties and 
their usefulness in the analysis of heart and brain activity attest their im- 
portance. 

The majority of the studies of the electrical properties of living things, 
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however, have been isolated records of specific kinds of electrical phenom- 
ena. In other words, there has been no basic understanding of the origin 
of the electrical energy nor its exact relationship to fundamental biological 
activity. As a step toward clarifying and unifying the great body of 
evidence which has already been collected, Burr (1932) and Burr and 
Northrop (1935) proposed that the living organism be viewed as the mor- 
phological expression of an electrodynamic field. Briefly stated, this theory 
holds that in all living mechanisms cell membranes and phase boundaries 
set up potential gradients in protoplasm and that the voltage gradients so 
created determine in the living system an electrodynamic field. The field, 
established in this manner, controls and regulates the physical chemical 
processes by means of which the morphological pattern is established. The 
field forces, measured in electrical terms, then become the determiners of 
the pattern of organization of the organism. The concept of field in de- 
velopment is by no manner of means new, for it has been well established 
in the techniques of experimental embryology. The electrodynamic field 
theory attempts to add quantitative electrical definition of the field, thereby 
substituting reasonably exact measurement for qualitative description. 
If this theory can be demonstrated, a simple basic explanation of both the 
AC and the DC electrical properties of organisms can be given. The 
relatively steady state DC potentials define the field, and the AC phe- 
nomena can then be understood as local variation in the field produced by 
the characteristic activity of a specific organ such as the heart or the brain. 
The theory follows logically enough from evidence in the literature but for 
complete satisfaction the theory must be validated by experimental study. 

In order to test the correctness of the concept, four questions require 
answers: 


1. Do living things possess relatively steady state potential differences 
which can be measured with reasonable certainty ? 

2. Are the voltage gradients so measured found in some recognizable 
pattern? 

3. Do these voltage gradients define an electrodynamic field? 

4. Since the field exists, is it a kind of electrical photograph of biological - 
activity, or can it be in any sense of the word a determiner of the pattern 
of organization? 


For the past six years, evidence has been slowly accumulating which 
shows that the answers to the first three questions must be affirmative (Burr 
and Northrop, 1939). The fourth question is yet to be settled. 

Obviously, if the field determines the pattern of organization, it should be 
possible to change development of an organism by modifying the field. 
However, a little calculation has shown that the field intensities in cellular 
units of the living system are so great that the construction of an external 
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DC field, sufficiently large to modify them, is either physically impossible 
or prohibitively expensive. Modification of the field, however, by an ex- 
ternal AC field has been accomplished, for it is well known that bombard- 
ment of an organism in the early phases of development by x-rays produces 
definite developmental deficiencies. 

It is clear, then, that the proof of the importance of the DC field must 
be derived from indirect evidence. If, for example, the unfertilized or un- 
divided egg of such a form as a frog possesses an electrical pattern which 
can be traced through in a significant relationship to the morphological 
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FIGURE 1 


Diagram of three methods of electrode application. 


pattern, the implication would be very great that the field defined by the 
electrical pattern determines the form of the ensuing embryo. 

The present report is a study of some six thousand determinations on 
fifty frogs’ eggs prior to the development of the primary axis of the embryo 
as seen in the appearance of the medullary plate. Potential differences 
between the vertex of the animal pole and four equidistant points on the 
equator of the egg were measured by the Burr-Lane-Nims (1936) tech- 
nique. Three variations in the technique were employed (Fig. 1) and all 
were subjected to statistical analysis. 
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In the early experiments, one micro tip leading to the salt bridge of a 
silver-silver chloride electrode was brought vertically downward on to the 
gelatinous membrane which covers the egg. Pressure was exerted by the 
micromanipulator just sufficient to deform the outer surface of this layer. 
This meant, of course, that the tip itself was separated from the egg by the 
vitelline membrane and a fraction of a millimeter of jelly. The second 
electrode was brought downward to the equator of the egg and, by the 
manipulator, moved medially until it likewise indented the jelly. It will be 
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2230 
2110 
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FIGURE 2 

Diagram of voltage gradients in microvolts be- 
tween N, the vertex of the animal pole, and four 
points on the equator of the egg showing their re- 
lationship to the primary axis of the nervous system. 
N is negative to the points on the equator and to 
the solution. S indicates statistically significant 
differences between equatorial points. 


noted that the geometry of the contact surfaces of the electrode tips differed. 
The first electrode at the vertex of the animal pole presented a circular 
opening approximately 100 u in diameter whose plane was tangent to the 
surface. Electrode two at the equator presented a similar opening, the 
plane of which was at right angles to the surface. Under these conditions 
the voltage differences tended to be relatively low. The first variation of 
the technique was made by bringing the equatorial electrode into contact 
with the surface so that the plane of the opening of the micro tip was 
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tangent to the surface as was the opening of the vertical electrode. Under 
these conditions the same pattern was determined but the magnitude of the 
voltage gradients was greater. As a final check on the procedure, one elec- 
trode was used as a reference electrode a centimeter at least away from the 
egg in the surrounding solution. The exploring electrode was then brought 
to the vertex in a tangent relationship and then successively to the four 
points on the equator in the same tangent relationships. Here again the 
pattern was detected with voltage gradients approximately equal to the 
first technical variant. 


From the very beginning it was apparent that at least one of the four 
points on the equator showed a significantly greater voltage drop from the 
vertex than any of the other three. This point was then marked either by 
staining with Nile Blue sulphate or by the establishment of orientation 
points in the immediate environment of the egg. Of the fifty embryos, 
ten were marked successfully and developed to the neural plate stage. 
In the remaining forty, correlations were either not attempted or were im- 
possible because of technical difficulties. It should be noted that the tech- 
nique is rigorous and requires great care in its manipulation, and technical 
artifacts, therefore, frequently creep into the study. In every case where 
correlations were possible, the primary axis of the organism came to lie in 
the plane of the greatest voltage drop from the vertex (Fig. 2). In other 
words, it was possible to predict from the voltage pattern where the head 
of the organism would develop. It is hard to escape the conclusion, there- 
fore, that the electrical pattern is primary and in some measure at least 
determines the morphological pattern. Added weight is given to the argu- 
ment by the following facts. 

Typical field patterns have been observed in the unfertilized egg during 
three or four days subsequent to laying. When obvious signs of cell death 
appeared, the voltage gradients disappeared. In like manner, the same 
pattern was to be seen in the fertilized but undivided egg. Moreover, it 
can be followed through the early stages of segmentation, the formation 
of the morula, the gastrula, and even shows the same characteristics in the 
early medullary plate stage. It seems clear from the above that, at least in 
the frog’s egg (and in the egg of Amblystoma, for some preliminary studies 
in the latter confirm these findings), there exists an electrical field which 
appears prior to the appearance of the formed structures and also predicts 
the longitudinal axis of the future embryo. 


Burr, H. S., “An Electro-dynamic Theory of Development Suggested by Studies of 
Proliferation Rates in the Brain of Amblystoma,’’ Jour. Comp. Neur., 56, No. 2, 347-— 
371, Dec. 15 (1932). 

Burr, H. S. and Northrop, F. S. C., ‘‘The Electro-dynamic Theory of Life,”’ Quart. 
Rev. of Biol., 10, No. 3, 322-333, Sept. (1935). 
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Burr, H. S., Lane, C. T., and Nims, L. F., ‘‘A Vacuum Tube Micro-Voltmeter for the 
Measurement of Bioelectric Phenomena,” Yale Jour. Biol. & Med., 9, No. 1, 65-76, 
Oct. (1936). 

Burr, H. S., and Northrop, F. S. C., ‘Evidence for the Existence of an Electro-dynamic 
Field in Living Organisms,”’ Proc. Nat. Acad. Sciences, 25, No. 6, 284-288, June (1939) 


INVARIANT FORMS OF INTERACTION BETWEEN NUCLEAR 
PARTICLES 


By L. EISENBUD AND E. P. WIGNER 
PRINCETON UNIVERSITY 
Communicated March 28, 1941 


1. The theories of nuclear forces are as yet so uncertain that it is not 
possible to draw definite conclusions concerning the wave equation between 
the heavy particles in nuclei. As has been observed repeatedly, it is even 
questionable whether one can achieve reasonable accuracy by using a wave 
function which contains only the coérdinates of the heavy particles as 
variables. It is quite conceivable that no description with such a wave 
function is adequate. It is possible that one should use, even for the 
description of the stationary states, a wave function which contains, in 
addition to the coérdinates of the protons and neutrons, the codrdinates of 
the light particles (e.g., mesons) which transmit the interaction. The 
question is similar to that arising in the theory of molecules, and, in particu- 
lar, chemical reactions, where one can use a Hamiltonian for the heavy 
particles alone only if the adiabatic hypothesis applies, i.e., if the motion 
of the light particles is much more rapid than that of the heavy particles. 
In this case the former, considered alone, are in the lowest state for every 
configuration of the heavy particles. The usual condition for this is* 


2arhv > (dE/dt) (1/v) ~ (dE/dx) (v/v) (1) 


where 2zhv is the energy necessary for the excitation of the light particles, 
dE/dt the change of interaction energy between the heavy particles in unit 
time, v the velocity of the heavy particles. The right side of (1) represents 
the change in interaction energy during one period in the motion of the 
light particles. Inserting twice the rest energy, uc’, of the meson for 2xhy 
a velocity v corresponding to a mean kinetic energy of yc?/;, and a dE/dx, 
which is equal to uc?/(2rh/yc), the left side becomes about 15 times greater 
than the right. This shows that it is reasonable to look for a wave equation 
for the heavy particles alone. However, one may do well to keep an open 
mind on this question because of the crudeness of the above estimates. 
Thus, e.g., it is quite possible that the excitation potential of the meson 
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field in the presence of heavy particles is a good deal smaller than the 
excitation energy 2uc’ in free space. 

2. Weshall, in the following, assume the existence of a Hamiltonian for 
the heavy particles alone and investigate the possible types of interaction. 
We shall further assume that the interaction is between pairs of particles, ! 

Va" DO Vi (2) 

It will be supposed that we can restrict ourselves to a non-relativistic 
approximation. It has been shown by Breit’ that a relativistic treatment 
would necessitate the addition of rather complicated correction terms to 
all the primitive interactions to be enumerated. Furthermore, we shall 
restrict ourselves to interactions which either do not contain the velocities 
(or momenta) of the heavy particles or contain them only to the first 
power. 

For the description of the heavy particles we shall use the formalism of 
the isotopic spin.* According to Cassen and Condon,‘ this permits a simpler 
description of some types of interaction than the other formalisms. It 
permits us to assume that the wave function is antisymmetric with respect 
to permutations involving space, ordinary spin and isotopic spin codrdi- 
nates. The condition for antisymmetry is 


PiQrlie¥ = —V (3) 


where P;, is the operator which exchanges the space coérdinates of particles 
i and k, and Qj, = '/2 + '/2(s;, S,) and Tj, = 1/2 + 1/o(tigtee + TigTky + 
TitTexy) = 1/2 + '/2(7; - 7) exchange the ordinary spin and isotopic spin 
coérdinates, respectively. The identity (3) makes it possible to give dif- 
ferent forms to any given operator. In particular, the operator of the ex- 
change of space coédrdinates, for which the expressions in a formalism not 
using the isotopic spin are rather complicated,*® can be written as‘ 


Pix = —QieTix = —1/a(1 + (S;8p))(1 + (74-7e)) (3a) 


We shall use eight conditions to limit the possible forms of interaction. 
These are that the interaction operators V;, must 

(1) depend only on differences of space coérdinates (invariance under 
displacements) ; 

(2) be hermitean (independent of the choice of the beginning of the time 
scale) ; 

(3) have spherical symmetry (invariant under rotations) ; 

(4) depend only on the difference of momenta (this will be shown to 
follow from the invariance under Galilei transformations) ; 

(5) be invariant with respect to inversion; 
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(6) be invariant with respect to the substitution of —¢ for ¢ (time re- 
versal) ; 

(7) be symmetric in the particles; 

(8) be consistent with the law of conservation of electric charge. 

Only the fourth point needs further elucidation. In the non-relativistic 
theory, with which we are working, the wave function of a state V(x, x2, 
..+) X,, #) is, in a coérdinate system moving with the velocity v in the x 
direction, 


V(x, se Xn» t) - V(x, iy vt, cee Xn ti vt)-e™™ a52°2 MnXn)v , 
e7 tim + +++ + mn)v%t/2h (4) 


The infinitesimal operator corresponding to this transformation is 


sf we a 
Ox] OX2 iets, OXn + i(mxy + ee + m,x,) (4a) 


We can consider an arbitrary operator as a function of the s, the 7, the co- 
ordinates of the center of mass mx; + - -- + m,x,, the differences between 
coérdinates, x; — X2, Vi — Vo, 21 — 2, °° *, the total momentum —7h(0/0x; 
+--++-+ 0/0dx,) and the differences between the velocities —ih(m,—!0/ 0x; 
— m2~!0/0x2). If expressed in terms of these quantities, the interaction 
operator certainly cannot depend on the coérdinates of the center of mass 
because it must be invariant with respect to displacement. The condition 
that it be invariant under Galilei transformations requires that it com- 
mute with (4a). All of the above quantities—and thus all functions of them 
—commute with (4a) except for the coérdinate of the center of mass which 
cannot enter into the interaction anyway, and except for the total momen- 
tum in the x direction, —ih(0/0x, + +--+ + 0/0x,). Hence the inter- 
action operator must not depend on this momentum. For similar reasons, 
it must be independent of —ih(0/0y1 + - ++ + 0/Oy,) and —th(0/Oz + 
-+++ 0/0z,). Itcan depend, however, on the relative velocities for which 
the differences of momenta can be substituted because of the approximate 
equality of the masses. This justifies point 4 above. 

Because of 7 and our assumption of pair interactions, it is sufficient to 
find the most general interaction for a single pair of particles, say the 
particles 1 and 2. 

A discussion similar to that which follows has been carried out before.® 
However, because of an oversight, one type of interaction was given as 
permissible although it should have been excluded on the basis of the above 
eight conditions. The present paper contains, furthermore, some relations 
between the different types of interactions which may prove useful in 
further work. 

3. We shall proceed now as in reference 6 to determine those functions 
of the components of the vectors S1, S:, r = Xi — Xx, Pp = Pi — Pe and of 
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Te1y Toi» Tri» Te» Ty2» Tre Which satisfy our eight invariance conditions. We 
can restrict ourselves to linear functions of the s and r (these quantities 
have no functions of higher degree) and also of p, as we have decided to dis- 
regard higher order terms in this variable. 

In this section we shall investigate only functions which do not depend 
on the tr; the dependence on r will be introduced in section 4. 

There are 16 different functions of the spin variables. These are two 
scalars 


L=1; Qt = '/2 + '/2(81-S), (5a) 


the nine components of three axial vectors 


 ... ee, ee 
Ww, = Sx + Sy, * °°, Wy = Sx1 — Sx, 


(3) ad 


WwW, aad SyiSz0 “oc SziSyey ee ey 


2 2 


and the five independent components of an ordinary symmetric tensor 
with trace zero 


= 1/9(Sx1 + 1Sy1) (Sx2 + 1Sy») ; an t8 4s (5c) 


We shall obtain all functions of the spin and momentum coérdinates in 
which we are interested by combining the above functions of the s with 1 
and the vector p = pi — pe. In this way, (5a) gives two scalars, 1 and Qy, 
and two ordinary vectors, p and Qyp; (5b) gives three axial vectors w), 
w”, w®: three scalars (w" - p), (w® ‘p), (wp); three ordinary vec- 
tors [w” x p], [w® x p], [w® x p] and three symmetric axial tensors 
with zero trace which have components like # = 1/.(w,% + iw,”)- 
(p, + tpy); (5c) gives in addition to the tensor (5c), one ordinary vector 
which can be written as w = S,(S:-p) + s2(s;-p), a symmetrical axial tensor 
with zero trace, the components of which have the form 


T2 ace (Six + iS\y) 7 ([S2 x Pls + 1[S2 x pl,) + (Sox + ISey) ([S1 x P). + 
i[s: X pl), 


and, finally, a tensor of the third rank with seven independent components. 

Thus, we have five scalars, nine vectors, five symmetric tensors with zero 
trace and one tensor of the third rank, with 64 components altogether. 
These must be combined with all possible functions of the distances x = 
X1 — X,Y = Vi — Yo, 2 = 2 — 2, ... andther. Since the 7 naturally are 
invariant with respect to rotations, we shall have to form scalars out of the 
above quantities and the distance vector r. 

It is well known that the most general scalar which can be formed from 
the components of a vector r is an arbitrary function of the length r of the 
vector. Similarly the components of the most general vector, and sym- 
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metric tensor with trace zero have the form xf(r), yf(r), 2f(r) and (x + zy)? 
g(r), etc., respectively, where again f and g are arbitrary functions of r. 
The tensors of higher ranks have similar forms. The scalars obtained above 
are ordinary scalars, i.e., they do not change sign if one goes over from a 
right-handed to a left-handed coérdinate system, and this holds for all the 
above tensors of even rank. The vectors, on the other hand, are polar and 
this holds for all tensors of odd rank. 

In order to satisfy condition 3, we must combine the scalar functions of 
$1, Sx, p, with scalar functions of r, the vector functions with vector func- 
tions, etc. Interactions which differ only in having a different dependence 
on r can be said to be of the same type. Hence only twenty types of inter- 
action exist (corresponding to the 5 scalars, 9 vectors, 5 tensors of second 
and 1 of the third rank) which satisfy conditions 1, 4 and 3. If we add to 
these condition 5, we must remember that s, and Ss, are axial while p is a 
polar vector. Hence, we must exclude the three scalars obtained from (5b) 
because they are pseudoscalars and remain pseudoscalars if multiplied by a 
function of 7. Similarly, we must exclude the vectors w”, w”) w®) 
also obtained under (5b) because they are axial, and the tensor t” under 
(5b) because it changes sign in the transition from a right-handed to a left- 
handed coérdinate system. From the forms obtained under (5c) the tensor 
of the second rank, T, must be excluded. Only two scalars, six vectors, one 
tensor of the second and one of the third rank remain to give real scalars 
with functions of the components of r. Disregarding the arbitrary factor 
which is a function of r, the remaining 10 types can be written in the 
following forms: 


a; Qi} (6a) 
(pr); Qu(p-r); (r-[w X p]); (r[w® X p]); (ew x p]); (6d) 

(r-S:)(Sep) + (r-Se)(Sip) — */s(t-p)(SiS2); } (6c) 

(1-8;)(r-S2) — 1/sr2(s-8s) ; ( 


(r-S;)(r-S2)(r-p) — 1/sr?{ (SiSe) (tp) + (Sip) (t-S2) + (Sep) (t-s:)} (6d) 


All these expressions can be put in the form 


D &,(0)F,(S1, Se, p)* (7) 


where f, and g, are components of an “‘irreducible tensor.”” This “‘irreduc- 
ible tensor’’ is a scalar in the expression (6a), a vector in (6b), a symmetric 
tensor of the second rank with trace zero in the second expression of (6c) 
and a tensor of the third rank in (6d). Thus, e.g., 
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(r-S;)(T-S2) — */37?(SiS2) = xXY(SixSey + SiySex) + 
X2(S1xSez + SigSex) + Y2(SpySez + SizSey) + 1/9(x? iv y”) (SixS2x ie SiySey) + 
2/3(2? nie 1/ox? ints 1/sy?) (SisSez —, 1/981 5Sox (Nel 1/95 Sey) 


On ‘‘time reversal’’ (condition 6) r remains unchanged while s), S2, p go 
over into —S,, —S:, —p because the directions of all velocities are changed. 
This excludes, for the present, all types which are of odd order in §, Se, p, 
so that only the following types remain 


1; Qi; Vi = (r-[(S: + S2) X p]) = ((Si + S2)-[p X r]) ( 
t = (r-8,)(r-S2) — 1/3r?(S1-Se) \ 
V2 = ((S: — S2)-[p X r]) (8d) 


All five expressions (8) are hermitean as they stand, and condition 2 will 
be satisfied if they are multiplied by a rea/ function of r. (They all com- 
mute with any function of 7.) 

The enumeration of this section immediately gives the interactions be- 
tween two particles of the same character (e.g., two protons). In this 
case there is, of course, no reason to introduce an isotopic spin. However, 
because of condition 7, the interaction V2 must be eliminated. One sees, 
therefore, that in this case there are only the well-known ordinary (1), 
exchange (Qi), vector (V;), and tensor (¢) interactions. 

4. A formalism which does not use the isotopic spin would give the 
above four types of interactions between a pair of protons, the same types 
between a pair of neutrons and all five types (8) between a proton and a 
neutron—altogether 13 types. However, as Cassen and Condon‘ have 
noted, the use of the isotopic spin formalism permits a greater variety of 
interactions satisfying our conditions. 

Because of condition 8, the interaction operator must commute with 
the operator of the total charge, —'/o(t¢ + tre +... + Ten) + 1/om. 
Among the 16 matrices involving 7; and 72, the following have this property: 


(8a) 


1; "Yalta + t%2)3 trite; «= Tie = '/2 + '/2(t172), (9a) 
Te reid Tra» (9b) 
Tr 1 Ty2 = Tal Te . (9c) 


All the 7 operators are, of course, invariant with respect to displacements, 
Galilei transformations, rotations and reflections so that the limitation of 
the interactions to the ten types (6) remains valid even if one multiplies 
these by any of the operators of (9). However, the time reversal involves 
a transition to the conjugate imaginary and only the interaction (9a) and 
(9b) remain invariant under this operation. Those of (9a) are, further- 








~~ fie ee ee ee 


~ 
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more, symmetric in the particles 1 and 2 so that they can be combined 
immediately with the operators (8a), while 7; — tT». can be combined 
only with (8)). On the other hand, 747,2 — T7 changes sign upon time 
reversal and can be combined, therefore, with those operators of (6) which 
have the same property and which were eliminated for this reason from (8a) 
and (8d). Since, furthermore, 7,742 — TT is antisymmetric in the par- 
ticles, condition 7 permits it to be combined only with those expressions in 
(6) which are also antisymmetric. Only 


Vs = (r-[w® X p]) = (w®-[p X 1]) = ([s: X S]-Ip X r]) (8c) 


satisfies both conditions and this is therefore the only interaction that can 
be combined with 7;,7,2 — T,7¢- 

Our final result is therefore: There are 18 invariant types of interaction 
between pairs of particles which are linear (or of the zero’th order) in the 
momenta. Of these, 16 are obtained by multiplying any of the expressions 
(Sa) with any of (9a), the last two by multiplying (8b) with (9b) and (8c) 
with (9c). All the expressions obtained in this way can be multiplied with 
an arbitrary real function of r. Combination of 1, Q.2, Vi, and ¢ with the 
operators 1; !'/2(t¢ + ty), TyiT2, makes it possible to give the former 
operators different magnitudes and space dependences for proton-proton, 
proton-neutron and neutron-neutron pairs. The interaction (77, — T,) V2 
corresponds to the operator V2; it can act only between proton-neutron 
pairs. The operator 7}, gives, with 1, Qi, Vi, t, four interactions involving 
charge exchange which appear only in the formalism using isotopic spin. 
Similarly (717,42 — T 172) V3 involves, because of 


1(TrTye sal TwTe) es T12(T¢1 = Tro) (10) 
a charge exchange. 

5. We shall now briefly describe the physical properties of these 18 
interactions. We shall first pick out those operators which can be given 
forms which (1) involve neither s nor 7, (2) may involve s but do not in- 
vole r, (3) may involve 7 but do not involve s. The corresponding inter- 
actions do not invalidate the relations derivable on the basis of approxi- 
mations 1, 2 and 3, respectively, of reference 6. Second we shall inquire 
into the conditions under which (1) both spin and orbital angular momen- 
tum, (2) at least the orbital angular momentum, (3) at least the spin angu- 
lar momentum, have definite values in the stationary states of a two particle 
system. It is customary to describe these situations by saying that the 
corresponding angular momentum quantum numbers are ‘‘good”’ quantum 
numbers. 

It is relation (3) and the use of Pi». for the exchange of space coérdinates 
which makes it possible to write some of the operators in different ways 
and thus eliminate s or 7 from some of the above types of interaction. 


ee 
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Approximation 1 will be valid if we have only ordinary and Majorana 
exchange forces 


1 and T2012 = —Pr (11a) 


Approximation 2 permits ordinary, Majorana exchange, the so-called 
Heisenberg and Bartlett forces, as well as ordinary and exchange tensor 
and vector interactions: 1, TpQre = —Pr, Quy, t, Vi, Tr = —QreP vw, Tt, 
T»V;. Approximation 3 will be valid if all the forces present are of 
the type bs Tie = —Py, Qe = —TpPr, '/o(Ty1 + Tro), V/9(Te1 + Tro) Qe = 
—"YPolte1 + Te) Prey Trt, TaTeQre = (Tr — 1 — tte) Pr, Tir. 

If one multiplies a permissible interaction operator with one of the 
twelve operators which can be derived from 1, Qy or ¢ of (8a), the resulting 
expression necessarily satisfies all conditions for permissible operators, 
except condition 2 of section 2. Even this condition will be satisfied if 
one uses the symmetrized product instead of the simple product. In fact 
one can verify that all the 150 products obtained in this way are linear com- 
binations of expressions of the 18 types given above. In particular, it is 
interesting to remark that the symmetrized products of the six expressions 
(8) with Qi: are Ql = Qy, QQ = 1, Q2Vi = Vi, Qiot = t, and '/2(Qie V2 + 
VeQi2) = 1/2(QiVz3 + VsQir2) = 0. These last equations follow from 


O12 V2 _ — Vor = iV3; QwVs = — VsQre = —1V2 (10a) 


On the other hand, Q).71. = —P:. commutes with all permissible inter- 
actions. One can obtain the product of Pj: and any permissible inter- 
action by means of (10a) and the further relations 


Ty2!/2(T¢1 + Tre) —_ U/9(7 91 + Ty); Tete Ty =1+ TeiTg2 Ti; T° =1 (108) 
Ti2(T 1 a Tro) 2 1(T 1792 — TrTe) 3 Ty2(TeT a2 es T2Tt1) 7 —A(te ace Tro) } 


Whether or not the orbital and spin angular momentum quantum num- 
bers are good quantum numbers for the description of states of two particle 
systems is determined by the commutation properties of the interaction 
between the two particles with the operators [p X r]? = L? and (s; + s)? = 
S? for the relative orbital and spin angular momentum, respectively. 
Since neither of these operators involves 7, the commutation properties of 
all 18 types of interaction are determined by the properties of the six inter- 
actions (8a, b, c). 

That L? commutes with 1 and Qi. isobvious. V1, Vand V3 can all be writ- 
ten as the dot product of a spin operator with L; since L? commutes with 
all components of L it commutes with Vi, V2, Vs.'_ The only remaining 
operator, ¢, does not commute with L?. 

The discussion of the commutation with S? reduces to that of the com- 
mutation with Qi. for S* = 4(1 + Qw). Since Qy is the operator which 
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interchanges s, with s, it clearly commutes with 1, Qy, Vi, ¢, since these 
are symmetric in the spins, and anticommutes with the V2 and V3; which 
are antisymmetric in the spins. 

The eigenvalues of the orbital and spin operators are both good quantum 
numbers for the two particle system if the interaction between the particles 
consists of a combination of types involving 1, Q1. and Vj, since these inter- 
actions commute with L? and S*. If a term of type ¢ is included in the 
interaction the orbital angular momentum no longer gives a good quan- 
tum number; likewise, if in addition to 1, Qj, Vi, the interaction includes 
V2 or V; the spin quantum number is bad. Finally if the interaction includes 
both ¢ and V; or V2 the only good quantum numbers are those demanded by 
the symmetry properties of space-time. It is remarkable that only the 
two relatively complicated interactions Vo(r,, — 2) and V3(rTzi742 — TyT:2) 
(which do not contribute to the interaction between two protons or two 
neutrons) spoil the spin eigenvalues as quantum numbers and thus lead 
to a mixing of *P; and 'P,, and of similar pairs of states. 


* Throughout this paper / stands for (Planck’s constant) /2z, i.e., Dirac’s h. 

t It should be noted that L= [p X r] is the orbital momentum only for a two par- 
ticle system. The total orbital momentum operator for a system with more than 
two particles does not commute with V;, Vo, V3. 

1 Janossy, L., Camb. Phil. Soc. Proc., 35, 616 (1939); Primakoff, H., and Holstein, T., 
Phys. Rev., 55, 1218 (1939). 

2 Breit, G., Phys. Rev., 51, 248 (1937). 

3 Heisenberg, W., Zeit. Physik, 77, 1 (1932). 

4 Cassen, B., and Condon, E. U., Phys. Rev., 50, 846 (1936). 

5 Wheeler, J. A., Phys. Rev., 50, 643 (1936). 
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RIBOFLAVIN CONTENTS OF TISSUES AS STABILIZED IN THE 
ADULT AT LIBERAL LEVELS OF INTAKE 


By F. O. VAN DuyNE AND H. C. SHERMAN 
DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERSITY 
Communicated May 9, 1941 


Earlier experiments in our own and other laboratories’ * * showed that 
the tissues of animals normally nourished contain more riboflavin than do 
corresponding tissues of animals which have for some time been fed diets 
practically devoid of riboflavin. In more recent experiments of Ellis and 
Zmachinsky in this laboratory (carried out with the aid of a grant from the 
Carnegie Corporation of New York through the Carnegie Institution of 
Washington), it has been found that this difference in tissue content of 
riboflavin dependent upon the level of intake is clearly demonstrable as be- 
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tween animals reared on a minimal-adequate allowance of riboflavin and 
those fed half as much. 

Meanwhile it had also been found’ ® that nutritional well-being con- 
tinues to be enhanced by successive increases of riboflavin intake up to 
levels more than twice that of minimal adequacy. 

On submitting to bioassay® the tissues of adult rats which had received 
and profited by these more-than-merely-adequate intakes of riboflavin, we 
did not obtain conclusive evidence that these further increases of intake 
had further raised the concentration of riboflavin in the tissues. 

One of us (F. V. D.) therefore undertook a further investigation of the 
quantitative determination of the riboflavin of tissues, and has developed a 
new method for such determination im vitro which is described and dis- 
cussed in another paper. Examined by this new in vitro method, tissues of 
rats reared on food containing approximately 5 and 20 micrograms of ribo- 
flavin per gram of food showed, respectively: Liver, 39.6 + 0.35 and 40.8 
+ 0.60; kidney, 34.8 + 0.76 and 33.6 + 0.79; heart, 27.2 + 0.47 and 26.6 
+ (0.64; skeletal muscle (by bioassay) 3.9 + 0.29 and 3.4 + 0.30 micro- 
grams of riboflavin per gram of fresh tissue. These values are higher than 
those recorded by previous investigators. The extent to which this may be 
due to differences in method is discussed elsewhere.’ In vitro measure- 
ments for skeletal muscle were less satisfactory, because the extracts here 
obtained had a slightly different color fluorescence. Bioassays showed no 
significant difference in the riboflavin contents of the skeletal muscles, and 
only a doubtful difference, if any, in the other tissues of the animals fed at 
these different levels. From the evidence as a whole it seems safe to con- 
clude that the tissues of the animals on both these liberal levels of intake 
were of stabilized maximal riboflavin content. 

As the rats on the higher of these two liberal levels seem to produce 
young of greater vitality,® ’ it would appear that when tissue content of 
riboflavin has reached its ‘‘plateau”’ and does not rise appreciably further 
in response to still higher levels of intake, such higher intakes may neverthe- 
less improve the body’s internal environment in some other way, thus giv- 
ing rise to more vigorous offspring. 

The further question now arises whether these increments of intake 
above the level at which the concentration in adult tissue is stabilized may 
still result in a higher riboflavin content of the offspring at birth or during 
infancy, or both. It is hoped that this new question may be studied in 
later experiments. 


1 Carlsson, E. V., Dissertation, Columbia University (1929); Carlsson, E. V., and 
Sherman, H. C., Jour. Nutrition, 15, 17 (1938). 
2 Kuhn, R., Kaltschmitt, H., and Wagner-Jauregg, T., Ztschr. physiol. Chem., 232, 


36 (1935). 
3 Vivanco, F., Naturwissenschaften, 23, 306 (1935). 
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6 Van Duyne, F. O., Jour. Biol. Chem. (in press). 
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THE PHYSICO-CHEMICAL STRUCTURE OF THE SALIVARY 
GLAND CHROMOSOMES. II 


By M. CALVIN AND M. KopDAni 


DEPARTMENT OF CHEMISTRY AND DEPARTMENT OF ZOOLOGY,* 
UNIVERSITY OF CALIFORNIA 


Communicated April 21, 1941 


It was evident from the experiments previously reported! that upon 
treating the salivary gland chromosome with aqueous alkali a sequence of 
changes was instituted which involved more than one chemical reaction. 
Some of these reactions might be parallel (alternative) and others might be 
consecutive. One method by which these several reactions might be con- 
trolled and their effects separated one from another so as to be recognizable 
as products of simpler reactions is to perform the experiments at different 
temperatures. Thus, since the several reactions almost certainly have dif- 
ferent temperature coefficients, their relative rates will be changed and the 
resulting product may be quite different, or one step may appear, more 
clearly separated from the others. This is indeed the case as the following 
experiments show. 

Temperature Effect on the Chromosome Changes Produced by Alkali. 
Experimental.—The technique of the treatment and staining is the same 
as that already described. Experiments were carried out at two tempera- 
tures, 25°C. and 10°C. In the former set of experiments (25°C.), glands 
were treated with standardized 1 N NaOH for varying lengths of time from 
1 min. to 11 min. in a chamber kept constantly at 25°C. For the experi- 
ments at 10°C., a chamber constantly maintained at this temperature was 
employed. Glands, glassware and reagents were cooled in the chamber 
several minutes and then 1 N NaOH was applied to the glands for the 
desired length of time. In both sets of experiments, the number of nuclei 
was recorded according to their structure, either the normal, the granule 
or the chromatid stage. These stages are shown in figure 1. Figure 1 (a) 
represents the normal chromosome, figure 1 (0) represents the form called 
the granule stage and figures 1 (c) to 1 (h), inclusive, represent all of the 
forms which have been counted as the chromatid stage. This grouping to- 
gether of all structures in which some form of longitudinal chromatic string 
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is visible was done because in these experiments no sharp line could be 
drawn between them. They represent a more or less continuous transition 








FIGURE 1 
The semidiagrammatic drawings of the structures of salivary chromo- 
some after treatment with various reagents as described in the text. 
a, Normal structure; 0, granule stagé; c, d, e, f, g and h are the various 
structures of the chromatid stage. 


in which the central string becomes more clearly defined with a concomitant 
definition of the hairs. The results of these experiments are summarized 
in table 1. 
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TABLE 1 1 

THE EFFEct oF 1 N NaOH ON THE SALIVARY GLAND CHROMOSOME AT Two 
TEMPERATURES (10°C. AND 25°C.) 


TIME NORMAL STAGE . GRANULE STAGE CHROMATID STAGE TOTAL i 
IN NO. OF NO. OF NO. OF NO. OF | 
MINUTES NUCLEI % NUCLEI % NUCLEI % NUCLEI | 
25°C. 
1 7 0.9 654 81.1 145 18.0 806 
2 5 0.5 517 55.2 414 44.2 936 
3 13 1.3 295 30.1 673 68.6 981 . 
4 4 0.8 138 26.4 381 72.8 523 
5 3 0.4 141 20.2 554 79.4 698 | 
6 1 0.1 124 12.1 902 87.8 1027 | 
7 1 0.2 49 9.4 468 90.3 518 
8 0 0 24 4.2 551 95.8 575 
9 0 0 29 3.3 850 96.7 879 
10 0 0 23 2.7 1034 97.3 1063 
11 0 0 4 0.3 1182 99.7 1186 
10°C. 
1 1 0.2 599 94.5 34 5.4 634 
2 15 ‘7 629 69.4 262 28.9 906 i 
3 10 ee 372 63.4 205 34.9 587 
4 6 0.9 287 44.3 355 54.8 648 i 
5 1 0.2 212 38.5 338 61.3 551 iW 
6 0 0 161 34.5 306 65.5 467 \ 
7 0 0 77 25.0 231 75.0 308 i 
~ 0 0 168 24.6 516 75.4 684 i 
9 0 0 82 19.7 335 80.3 417 
10 0 0 71 17.8 327 82.2 398 
11 0 0 46 13.5 294 86.5 340 


| 

| 

| 

} 

| 
Resulis.—In order to interpret the results presented in table 1 more 
quantitatively let us first consider the general case of a pair of consecutive 

irreversible reactions (unimolecular or pseudounimolecular) represented 

by 
ky ky 
A—>sB-—-C (1) 


where &; and k are the unimolecular velocity constants for the reactions 
A —> B and B —>C, respectively. The differential rate laws for this 
system are 


a[4)_ | | 

HA _ _ a4) (2) | 
“ = &i[A] — holB] (3) 

a |. wa (4) 


dt | 
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which give upon integration the following relationships. 


[A] ae 
at 5) 
edi (5) 
[B] ky = jest = pat ss 
ee betes j Acted petotns * os Rad 6 
Ay ky — ky (e e ) ( ) 
[C] ky sail ky ii i 
De gh . 7) 
a fi | T;, ( 


Since Ao is the total number of units in the original unchanged form A 
at the start of the reaction (time, ¢, is zero), [A] /Ao is the fraction (or per- 
centage) of the total number of units remaining in the form A at the time 
t, [B] /Ao is the fraction (or percentage) of the total number of units in the 
form B at the time ¢ and [C]/Ap is the fraction (or percentage) of the total 
number of units in the form C at the time f. 

The application of the above relationships to the chromosomes follows 
quite readily if we let A represent the initial unchanged chromosomes, B 
the chromosomes in the granule stage and C the chromosomes in the aggre- 
gate of stages called the chromatid stage in the table. It is evident that the 
transition from the normal stage to the granule stage proceeds considerably 
more rapidly than the transition from the granule stage to the chromatid 
stage, ie., ki > ky. Allowing this approximation, equations (6) and (7) 
become 


Ic} _ 
Ao 


(6a) 


jo _—e™ (7a) 


Now [A]/Ao, [B]/Ao and [C]/Ao are just the percentages given in the 
columns of table 1 under “‘normal stage,”’ ‘‘granule stage’’ and ‘“‘chromatid 
stage,” respectively. The values given for [A]/Apo are in far too small a 
range to be tested by equation (5), the individual experimental errors in 
each point being of the same order of magnitude as the entire range. The 
values for [B] /Ao or [C] /Ao, however, extend over a wide range and can be 
tested by equation (6a) or (7a), respectively. This we have done in figure 2 
in which the logarithm of the % in the granule stage (log [B] /Ao) is plotted 
as ordinate and the time is plotted as abscissa, for the two temperatures, 
10°C. and 25°C. It is evident that the approach of the points to a straight 
line is satisfactory for this type of statistical experiment. 

The slopes of the lines in figure 2 are a measure of k, at each of the two 
temperatures. The temperature coefficient of the velocity constant may be 
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expressed in terms of the activation energy of the reaction, which is given 
by 


TT’ 
— In af (8) 
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FIGURE 2 





Semi-logarithmic plot of the data of table 1. 


For ko, from the lines of figure 1, the activation energy is 


298 X 283 








log 2.07 


= 8 Keals. 


From the fact that [A]/Ao is practically the same at both temperatures 
we can quite safely conclude that the activation energy for k,; must be less 
than 4 Kcals. and probably very close to zero. The 25° line apparently 
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does not go through the 100% value at zero time. This must be attributed 
to the neglected term in k,; of equation (6), for at the higher temperature the 
value of k, is not as much smaller than k, as it is at the lower temperature. 

Discussion.—At this poifit it does not seem too presumptuous to us to 
record in somewhat more detail the conception of chromosome structure to 
which we have been led by the experiments so far described in this and 
the previous publicat’ 1 together with results and suggestions of other 
workers referred to t.x.erein, and which has led us in the design of further 
experiments. 

In figure 3 is given a diagram of what is probably the essential unit in the 
construction of a chromosome of the type we are discussing. Its most 
important elements are the partially extended and partially folded poly- 
peptide chain, together with the fitting of the nucleic acid onto the ex- 
tended portion of the chain. This fitting together of the nucleic acid and 
the extended polypeptide chain was suggested by Astbury and Bell? on 
the basis of some x-ray measurements which gave very nearly the identical 
periodicity of 3.4 A along the fibre axis, for clupein, sodium thymonucleate 
and clupein thymonucleate. The flat parts of the nucleic acid molecules, 
pyrimidine and purine nuclei, have their planes parallel to each other (at 
a distance of 3.4 A) and normal to the direction of the main polypeptide 
chain to which they are attached. The chain marked A in the figure is 
only one of a bundle of such chains tied together by ordinary covalent 
bonds through the side chains R, into a three-dimensional pattern. Chain 
B is one chain of another such bundle of primarily connected chains. The 
forces which hold chains A and chains B together are, however, of a much 
weaker type and probably primarily hydrogen-bonds between the NH 
groups and the C=O groups. These hydrogen-bonds are represented by 
the dotted lines. A number of such parallel bundles held in place by 
these comparatively weak bonds are thus supposed to constitute the 
chromosome, the transverse chromatic bands being the coalescence of the 
nucleic acid rich regions along the extended portion of the polypeptide 
chains and the interchromatic regions being the highly folded portions of 


EXPLANATION OF FIGURE 3 


The chain B represents a typical polypeptide chain partially folded and partially ex- 
tended. In the upper portion the atoms of the chain are given in detail, the lower part 
of the figure being simply an outline of the form. The letter R represents the particular 
residue associated with the several different amino acids which constitute the chain. 
In the case of nucleo-protein these residues are mostly arginine of which a few are drawn 
out in detail on the middle stretched part of the chain. Attached to these arginine resi- 
dues by means of a salt link (represented by + and — signs) between the basic guanidine 
group and the phosphoric acid of the nucleotide (nucleic acid) is a tetranucleotide mole- 
cule. There are only four nucleoside residues shown in the figure corresponding to the 
suggestion of the structure of thymonucleic acid, but actually there is undoubtedly a 
large variety of groupings. For a further description of this figure see the text. 
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the polypeptide chain comparatively poor in nucleic acid. It should be 
borne in mind that the simple folding shown in the figure can hardly be 
the entire picture. There almost certainly exist secondary and more com- 
plex folding of entire bundles of chains as well. 

On the basis of this model, the initial step, i.e., the formation of the 
granule stage, with a very small temperature coefficient, is to be inter- 
preted as a neutralization reaction followed by some diffusion and conden- 
sation of the nucleic acid residues. The neutralization involves the break- 
ing of the hydrogen-bonds to the C=O by the attachment of OH™~ to the 
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FIGURE 4 


The camera lucida drawings of the granule and chromatid stages produced by treat- 
ment with urea and urea-NaCl combination. a, Granule stage produced with urea; 
b, c, d and e, the chromatid stage produced with urea-NaCl mixture or with urea fol- 
lowed by NaCl. 


acidic proton of the amide group. Thus with these restraining forces re- 
leased (not all types of restraining forces) the flat nucleic acid residues ac- 
quire a certain amount of freedom and they condense in groups in so far as 
they are able. This process of condensation has been observed with 
sodium thymonucleate‘ as well as with other types of flat molecules. The 
next step, having an apparent activation energy of about 8 Kcals., must 
involve the breaking of stronger bonds, with the result of a more complete 
freedom for the nucleic acid residues allowing them to rearrange and 
condense into the fairly long strings of the chromatid stage.. We do not 
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yet know what these other bonds are. They may be sulfide links, esters 
(of both carboxylic and phosphoric acids), phosphoric acid amides or 
peptide (carboxylic acid amides) links. In this connection it is of interest 
to note that among alkaline hydrolyses the activation energy for that of 
diketopiperazine, 6.5 Kcals.,° best approaches the value, 8 Kcals., we have 
here reported. This correspondence is not to be taken too seriously since 
the value of 8 Kcals. is certainly not that of a simple reaction. It may in- 
clude not only a number of reaction rates but also preliminary ionization 
equilibria. 

There is another recent observation which may have some bearing on 
the present problem and that is the calorimetric observation that the 
alkaline denaturation (pH 10-12) of methemoglobin involves at least two 
reactions, the first of which absorbs heat and the second evolves heat.® 
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NaCl (sat. aq.) nate 
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FIGURE 5 
Effects produced by various reagents on the salivary gland chromosome. The stages 
occur in the sequence given from left to right and arrows indicate the final structure at- 
tainable with each reagent previous to total solution. When more than one reagent is 
used, the semicolon indicates consecutive application of the reagents while the plus sign 
indicates simultaneous application. 


This implies that the entropy change for the initial reaction is positive, i.e., 
involves an increase in probability, such as would actually be the case in a 
disorganization reaction which is here suggested. 

Chromosome Changes Produced by Urea.—If the suggestions we have just 
outlined are correct, it should be possible to find reagents which would 
produce the first step without inducing the second. One such reagent is 
urea which has been shown to be capable of breaking hydrogen-bonds.’ 
It should not, however, be able to produce the effects of the second alkali 
reaction, i.e., the one having the apparent activation energy of 8 Kcals. 
This was indeed found to be so. Glands were treated with a saturated 
aqueous solution of urea for varying lengths of time at room temperature. 
Within a few minutes after the application of the urea solution, the chromo- 
somes began to swell with simultaneous granulation of the chromatic 
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bands. As the time of treatment increased the chromatic granules moved 
laterally and separated further and further apart from each other. No other 
apparent changes were observed. (See Fig. 4 (a).) 

Since salt is an effective condensing agent for the flat molecules of which 
we have spoken! the effect of NaCl solutions on the urea-treated chromo- 
somes as well as the alkali-treated chromosomes was observed. Glands 
were first immersed in a saturated aqueous urea solution for thirty minutes 
and treated with saturated aqueous NaCl for five minutes. The resulting 
structures are shown in figure 4 (b, c, d and e). The same results are noted 
when the urea and NaCl solutions are applied simultaneously. It should 
be noted that no matter how long this treatment is applied (30 minutes) 
the chromatic strings do not associate to give a uniform structure such as 
figure 1 (h). The structure of figure 4 (0, c, d and e) we called the separated 
chromatid structure in contrast with the associated chromatid structure 
(Fig. 1 (c, d, e, f, g, h)). The separated chromatid stage is the one in 
which the stronger, alkali susceptible bonds have not been broken. If, 
however, the glands are treated with solutions containing both urea and 
NaOH the associated chromatid stages always appear. 

The effect of NaCl on the alkali-treated chromosomes is to accelerate the 
condensation process. Glands were first immersed in 1 N NaOH for 5 
minutes and then treated with a saturated aqueous solution of NaCl for 5 
minutes. The number of nuclei in the chromatid stage was counted. Of 
the 503 nuclei which were treated all of them appeared in the chromatid 
stage. However, in table 1 the percentage of the chromatid stage produced 
by treatment with 1 N NaOH only for 5 minutes is 79.4%. Hence it is 
evident that the condensation is increased by NaCl. 

The effects of the various reagents used are summarized in figure 5. 


* Services rendered by the personnel of The Work Projects Administration Official 
Project No. 165-1-08-73 are hereby acknowledged. 
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CERTAIN SINGULAR POINTS ON CRYSTALLIZATION CURVES 
OF SOLID SOLUTIONS 


By Norman L. BOWEN 
PETROLOGIC LABORATORIES, UNIVERSITY OF CHICAGO 


Communicated April 20, 1941 


Many ternary systems have been investigated in which two of the com- 
ponents form a complete series of solid solutions of the type with a minimum 
melting temperature, while each of them forms a eutectic with the third 
component as in figure 1. In spite of this fact there is great diversity of 
opinion as to the theoretical courses of curves of crystallization in such a 
system, and the experimental work has in no instance been sufficiently 
accurate to establish a basis for acceptance or rejection of any of the 
views. 

Schreinemakers laid the foundation for the theoretical treatment by 
considering the relations at various isothermals with the aid of Gibbs 
Zeta function.! In figure 2 is given an isothermal diagram for a tempera- 
ture higher than the minimum temperature in the solid solution series 
A-B. There are here three series of saturated liquids, the first series in 
equilibrium with solid solutions rich in A, the second with solid solutions 
rich in B and the third with the pure substance C. A number of tie lines 
are shown on the figure which join the point representing the composition 
of a liquid with the point representing the composition of the crystals in 
equilibrium with it. In the one corner of the triangle these are simply 
lines radiating from C and have no properties requiring special notice here. 
In the other two corners ‘it will be observed that each liquid is in equilib- 
rium with a different solid solution. 

Figure 3 shows equilibrium for a temperature lower than the minimum 
in the system A—B. Here there are but two series of saturated liquids. 
Of one series each member is in equilibrium with the pure substance C. Of 
the other series each is in equilibrium with a distinct solid solution. Now 
since a liquid from which any solid is crystallizing and in which no other 
influence is operative must change in composition directly away from the 
composition of that solid, the direction of instantaneous change of com- 
position of a saturated liquid at any temperature is given by its appropriate 
tie line. But, as the diagrams show, the composition of the solid solution 
in equilibrium with any liquid changes as the liquid changes in composition 
with falling temperature. Therefore the lines representing the change of 
composition of the liquid with fractional crystallization will be curved lines 
which, for any liquid at any temperature, will be tangent to the tie line 
for that liquid at that temperature. To illustrate this tangent relation 
there are shown in figures 2 and 3 short segments of typical curves of frac- 
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tional crystallization with falling temperature, although all other features 
of the diagrams are isothermal. 

It is plain that if we have a large number of isothermal diagrams with 
tie lines we can construct the curves of fractional crystallization, and in 
the solid solution field, for the type of system under consideration, they 
have the general character shown in figure 4. They thus consist of two 
bundles of curves, one emanating from A and the other from B, separated 
from each other by a curve mf, which comes from the binary minimum m 
and which is itself also a curve of fractional crystallization. Schreine- 
makers carried the consideration of a system of this type to the point of 
calling attention to this general disposition of fractionation curves but ap- 

parently did not pursue it 
further in any later publica- 


tion. 
Relation of Fractional 
A Crystallization to Equilib- 


rium Crystallization.—These 

curves represent the change 

of composition of a liquid 

when it is inert to crystals 

2 already separated, and a 

liquid which had experi- 

enced partial crystallization 

by this method would con- 

tain in it crystals of the 

solid solution phase (mix- 

re E, C crystals) of different com- 

2 z positions, the composition 

FIGURE 1 . 

Equilibrium diagram of the system A-—B-C and of the crystals forming 

the system 4-3. at any instant (tempera- 

ture) being given as we 

have seen by the tangent to the curve at that temperature. The presence 

of crystals of different composition represents failure of true equilibrium. 

For some purposes we are interested in the establishment of true equilib- 

rium which is realized if the liquid, as it precipitates mix-crystals of the 

composition in equilibrium with it at any instant, at the same time changes 
the composition of all mix-crystals already present. 

The course of a liquid during perfect equilibrium crystallization is there- 
fore quite different from that during perfect fractional crystallization. If 
we have curves of fractional crystallization such as those shown in figure 4 
we can derive from them the curves of equilibrium crystallization by a 
simple construction, the principle of which will appear if we return to a 
consideration of the isothermal figure 3. At the temperature of that iso- 
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therm any mixture of total composition lying on a tie line such as /s will 
consist of crystals of composition s and liquid of composition /. There- 
fore the point / will be a point on the curve of equilibrium crystallization 
of such mixtures as x and y: Remembering that the line /s is tangent at / 
to the curve of fractional crystallization (broken curve), and that the figure 
refers to any random temperature, we may readily conclude that points 
on the curve of equilibrium crystallization of any liquid x can be deter- 
mined by dropping tangents from the point x to successive members of the 
bundle of curves of fractional crystallization. Thus in figure 5 the tan- 
gents xt, to Afs, xt, to Afe and xf; to Af; determine points on the curve of 
equilibrium crystallization x,t, f;, which must end at the boundary curve 
E,F2, and Ss; f; is therefore a three-phase boundary.’ 














B Cc 

FIGURE 2 FIGURE 3 
Isothermal diagram for a temperature Isothermal diagram for a temperature 
above the binary minimum in the sys- below the minimum in the system A-B. 


tem A-B. 


The importance of this simple construction whereby equilibrium curves 
can be derived from fractionation curves has not been fully appreciated, 
especially in its application to more complex cases. For example, in figure 
4 most of the curves have the simple relation of the group that has been 
selected for constructing figure 5. But, since the fractionation curve com- 
ing from m will ordinarily not be a straight line, but will be at least some- 
what curved, the adjacent curves of fractional crystallization on its convex 
side will necessarily be reversed curves. It is to the curves of equilibrium 
crystallization.in this region that attention is here especially directed, and 
upon which there is so much difference of opinion. It is ordinarily as- 
sumed in papers on the subject that the curves of equilibrium crystalliza- 
tion for liquids close to the central fractionation curve on the A side would 
be reversed curves, with their points of inflexion on the central fractiona- 
tion curve. No basis is offered for the assumption, indeed it has no basis. 
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We may develop curves of equilibrium crystallization from fractionation 
curves in any part of the diagram by applying the tangent relation already 
discussed. In figure 6 are shown three reversed curves of the bundle 
emanating from A, viz. Af,, Af, and Af;. If we drop tangents from the 
point x upon these curves we find that in general there are two points of 
tangency on each curve. Thus xt; and xt; are tangent to Af; at 4 and fs, 
xt, and xt, are tangent to Af, at f and 4. But, as a ray from x rotates 
anticlockwise and assumes the successive positions Xt, Xts, Xte, xty, it 
finally comes to the position xfs, where the two points of tangency coincide 
with each other and with the inflexion point ¢; of the curve Af;. The 
rotating ray can have no point of tangency with a curve to the right of 
Afs. Itcanonly cut such curves. 
The curve Xt;tetstts is therefore 
the curve of equilibrium crystal- 
lization of the mixture x. It 
experiences an abrupt change of 
direction and sign of curvature 
at t;, which may be called a 
corner point. It might be sup- 
posed, without close considera- 
tion, that this derived curve of 
equilibrium crystallization would 
experience a change of sign of 
curvature without an abrupt 
change of direction, that is, would 
itself have a point of inflexion 
at t3, but two such curves with 

sities a common point of inflexion 

Curves of fractional crystallization in the must cross each other at that 
field of solid solutions (full curves). Locus point. The supposed curve 
of points of inflexion (broken curve). would therefore have to cross Af; 

at t;, but we have already seen 
that there can be no points to the right of Af; having the same properties 
as t1, fg, etc., with respect to the initial point x (original liquid). 

Through the points of inflexion of the fractionation curves of figure 4 
the curve mf, has been drawn. This curve will also be the locus of corner 
points on curves of equilibrium crystallization. If points on this curve 
mf, representing as they do the composition of certain liquids, are joined, 
each with the solid solution in equilibrium with it (tie line), as has been 
done in figure 7, we obtain a diagram of service in considering the crys- 
tallization of any liquid which has a corner point on its curve of equilib- 
rium crystallization. All liquids lying within the area ms¢f, will show 
this phenomenon and the tie lines enable us to state at what point on the 
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curve mf, the corner point will lie for any initial composition of the liquid. 
Thus any liquid on the join s;¢; will have a corner point on its curve of 
equilibrium crystallization at 15, those on Sez at 7, and so on for any tie 
line. 

The Actual Process of Crystallization.—While the geometrical relations 
at an inflexion point on a fractionation curve are thus such as to require 
corner points on equilibrium curves, it is not in geometrical relations as 
such that primary interest lies. It is rather in the process of crystalliza- 
tion, and we therefore turn to the question of the actual physical signifi- 
cance of the corner points in this process. First it is desirable to lay a 








E, 
FIGURE 5 ‘ FIGURE 6 
Derivation of curve of perfect equi- Derivation of curve of perfect equi- 
librium crystallization (xflef;) from librium crystallization (xtytetgtts) from 
curves of fractional crystallization Af;, curves of fractional crystallization Af,, 
Afs and Afy. Ape, Afs. 


foundation by considering the physical significance of simpler points. In 
figure 8 is shown the curve of fractional crystallization Ayf which passes 
through the point y in the field of the solid solutions of A and B. The 
tangent ys fixes the composition of the solid solution s in equilibrium with 
the liquid y, and yf is the course of fractional crystallization of the liquid y. 
At the temperature of the point y, and at equilibrium, all mixtures on the 
line sy will consist of crystals of composition s and liquid of composition 
y. Thus the liquid x will, with perfect equilibrium crystallization, follow 
the curve xny which cuts Ayf at y. Now it is, of necessity, true of any 
curve which represents the change of composition of a liquid during crys- 
tallization, that the tangent to the curve at any point must pass through 
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the composition of the crystalline material that is being substracted from 
the liquid at the point. The tangent ys, to the curve xnyz at y thus fixes 
at s,; the composition of the crystalline material being subtracted from 
the liquid y during the perfect equilibrium crystallization of the initial 
liquid x. Nevertheless the liquid y is in equilibrium with the crystals s. 
The reason for the change of composition of the liquid y in the direction 
syy, during perfect equilibrium crystallization, is that this type of crys- 
tallization is compounded of two effects. As a result of pure subtraction 
of new crystals the liquid y tends to move an infinitesimal distance along 
the curve yf for an infinitesimal drop of temperature, and at the same time 
the composition of the crystals separating moves from s to a point an in- 
finitesimal distance towards B. This is 

A the purely fractionation effect, but 

there is another effect. The liquid y, 
having come into being as the result of 
equilibrium crystallization of liquid x, 
contains a large quantity of crystals of 
s, indeed an amount about equal to the 
amount of liquid. During perfect equili- 
brium crystallization, occasioned by an 
infinitesimal fall of temperature at the 
temperature y, this finite amount of 
crystals requires to be modified in com- 
B E, position from s to a point an infinitesimal 
FIGURE 7 distance towards B from s, in short the 

Tie lines joining the solid solu- crystals must be enriched in B. The 
tions sz, ss, etc., with the liquids %, only source of B is the liquid, therefore 
15, etc., in equilibrium with them 
sk ais he daie-tah eile Shtke- the crystals already Present subtract B 
sponds with the curve mf, of figure from the liquid, which effect, taken by 
4. itself, would cause the liquid to change 

directly away from B. The actual move- 
ment is compounded of these two effects. The liquid thus moves in a 
direction away from a point between s and B, namely, s;. 

If we consider x as moving on the line sy we see that an infinite number 
of equilibrium crystallization curves pass through y and according as x 
approaches y at the limit, the tangent to the equilibrium curve approaches 
the tangent to the fractionation curve at y. The curve of equilibrium 
crystallization yo of the liquid y and the curve of fractional crystallization 
Ayf through y thus have a common tangent at y. In terms of the physical 
process, this is true because there are initially no crystals present in the 
liquid y and consequently, even with perfect equilibrium crystallization, 
it has none of the component of motion away from B. However, as soon 
as a little crystallization has occurred the liquid acquires some component 
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of motion away from B and the equilibrium curve from y immediately de- 
parts from the fractionation curve yf, all points on it lying on that side of 
yf away from B. The equilibrium curve of the liquid y lies closer to the 
fractionation curve yf than any of the equilibrium curves that pass through 
y. As the point x approaches s as its limit the maximum departure of the 
portion of the equilibrium curve yz from the fractionation curve yf is ex- 
perienced, because the maximum quantity of crystals is present and the 
maximum component of motion away from B is acquired. The actual 


A A 
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FIGURE 8 FIGURE 9 





ig 


Showing the relations between the Showing the curve of equilibrium 
tangent sy to the fractionation curve crystallization (xnic) with a corner point 
through y and the tangent sy to an at 4. 
equilibrium curve through y. 


position of the equilibrium curve of a liquid approaching s is determined by 
specific properties of the system. 


We may now apply these concepts to the special problem of the rela- 
tions at an inflexion point on a fractionation curve. In figure 9 the curve 
Aif has an inflexion point at 7 and si is tangent to the curve at7. All tan- 
gents to the curve at points between A and 7 meet AB at points between 
s and A, and again all tangents to the curve at points between 7 and f 
meet AB at points between s and A. During fractional crystallization 
any liquid along Az deposits mix-crystals with increasing content of B un- 
til a maximum content at s is attained, the liquid then having the com- 
position 7. Thereafter the content of B in the crystals decreases. With 
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perfect equilibrium crystallization, a liquid of composition 7 will follow a 
curve which initially has the same tangent si as the fractionation curve if 
but immediately thereafter departs from the curve if in such a manner 
that all points on it lie on the side of 1f away from A. The reason for this 
is that the crystals formed must have their composition changed from s 
towards A and this gives the liquid a component of motion away from A 
in addition to the component of motion along if. Any mixture of composi- 
tion on the line si, such as x, will consist, at the temperature 1, of the liquid 
4 and mix-crystals s. The initial liquid x will have attained that condi- 
tion by following the course xni which departs from the fractionation 
curve through x in virtue of the fact that the crystals are, during that 
period, continually enriched in B and the liquid therefore has the addi- 
tional component of motion away from B. At 7 the liquid, in the absence 
of crystals, would tend to follow 7f, with formation of crystals of gradually 
increasing content of A. But there is present a large amount of crystals 
of composition s which, with perfect equilibrium, must also experience 
this enrichment in A. The liquid will therefore follow the curve ic which 
lies still farther away from the fractionation curve if than does the equilib- 
rium curve of the liquid 7, whose position has just been discussed, but is 
not shown on the diagram to avoid confusion of curves. The curve xnic 
experiences an abrupt change of direction at 7 for the reason that although 
the one component of motion, the one due to the fractionation effect, ex- 
periences only gradual change at i, the other component of motion, that 
due to the modification of crystals already present, experiences an abrupt 
change from motion directly away from B to motion directly away from 
A. The maximum angle between the tangents at 7 to the two segments of 
the curve xnic will be obtained when the point x, considered as moving on 
is, approaches s as its limit, and the minimum angle at 7 will be given by 
liquid approaching indefinitely close to 7, for the magnitude of change of 
direction is naturally connected with the proportion of crystals present 
when 7 is reached. 

In spite of the abrupt change of direction at 7 of the curve representing 
the changing composition of liquid during crystallization, the composition 
of the liquid experiences, of course, only continuous change. Likewise 
nothing happens of a drastic character to the crystals separating from the 
liquid. The point 7 represents simply that temperature and composition 
of the liquid at which the crystals separating during perfect equilibrium 
crystallization from any initial liquid on the line si have attained (like the 
crystals formed from all initial liquids on the curve Atif during perfect 
fractional crystallization) their maximum content of B. At temperatures 
below 7 the concentration of B in the crystals falls off. Attention is again 
directed to figure 7 which pictures the general arrangement of lines having 
the properties of si, there lettered se, Ssts, etc. 
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Finally we may revert to the question raised earlier, that of the behavior 
of a curve of equilibrium crystallization when it crosses the fractionation 
curve which comes from the binary minimum. The answer is that it 
crosses that curve, as it does any other fractionation curve, without being 
affected in any way. The point of crossing is given by the tangent rela- 
tion already discussed and developed with the aid of figure 5. To em- 
phasize this fact we have shown in figure 9 the central fractionation curve 
mf, and the curve xnic crossing it, the point of intersection being deter- 
mined by a tangent dropped from x upon mf; (not actually drawn). 

If it should happen that the fractionation curve mf, were itself a reversed 
curve, then, of course, at one point only upon it, namely, its point of in- 
flexion, curves of equilibrium crystallization would behave in the same 
manner as at any other inflexion point on a fractionation curve, and thus 
experience the abrupt change of direction and sign of curvature. In case 
the central fractionation curve has this inflected character, adjacent frac- 
tionation curves on both sides will have points of inflexion; indeed, on one 
side they will have two such points. The distribution of these special 
points will therefore be more complicated than in the case here chosen for 
discussion but the same principles will apply. 


1 Schreinemakers, F. A. H., Zs. phys. Chem., 50, 192 (1905). 
2 For a discussion of the concept of three-phase boundaries and their significance see 
N. L. Bowen, Am. Jour. Sci., 38, 222 (1914). 


A GENERALIZATION OF THE EUCLIDEAN ALGORITHM TO 
SEVERAL DIMENSIONS 


By BARKLEY ROSSER 
DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY 
Communicated May 9, 1941 


If Y = 2a,X;, where the a’s are integers, we say that Y is an I.L.C. 
(integral linear combination) of the X’s. 

We say that a set of vectors Ui, ..., U, isa G.C.F. of a set of vectors V;. 
mr 

(1) the U’s are linearly independent, 

(2) each U is an I.L.C. of the V’s, 

(3) each V is an I.L.C. of the U’s. 

A set of V’s is said to be commensurable if the set of I.L.C.’s of the V’s 
has no limit point. 

It can be shown that every commensurable set of V’s has a G.C.F. 

For the one-dimensional case, the V’s will be a set of collinear vectors. 
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If they are commensurable, their G.C.F. is a single vector, which can be 
found by the Euclidean algorithm. For instance, suppose one starts with 
two commensurable, collinear vectors, V; and V2, V2 shorter than Vj. 
Then one chooses an integer m which minimizes the length of Vi + V2, and 
puts V; = Vi + V2. Then V; is shorter than V2, and one repeats the 
process with V2 and V3. And soon until one arrives at a G.C.F. of Vi 
and Vo. 

Now suppose that one has three commensurable, coplanar vectors, V1, 
V2 and V3, of which V; is a longest and V3 is a shortest. To find their 
G.C.F., let us try generalizing the procedure used for two collinear vectors. 
So choose integers m and m which minimize the lengths of Vi + mV3 and 
V2 + nV3, and put Vs = Vi + mV3;and V; = V2+nV3. In two dimen- 
sions, the minimum of V; + mV; for integral m may be V; itself; will be, 
in fact, if Vi and V3 are nearly perpendicular. However if V; is the mini- 
mum of V; + mV; for integral m and V2 is the minimum of V2. + nV; for 
integral n, then V; and V2 are both nearly perpendicular to V3, so that they 
are nearly collinear, so that V; + mV. can be made shorter than V; for 
properly chosen integral m, except for the special case (with its trivial varia- 
tions due to reordering, etc.) where V2 and Vs have equal lengths and make 
an angle of 120° and Vi = V2 + V3. In this case (which would be im- 
mediately recognized while looking for the minimum of V; + mV3), V2 and 
V; constitute a G.C.F. So one can find a G.C.F. of three commensurable, 
coplanar vectors. 

For four commensurable, coplanar vectors, V;, V2, V3, Vs, one first finds 
a G.C.F., Ui, U2, of Vi, V2, Vs, and then a OA Ge of Ui, U2, Vi. For still 
more vectors or still more dimensions the procedure is similar. 

We inquire as to the computational aspect of performing this algorithm. 
Let (X, Y) denote the usual inner product of the vectors X and Y, so that 
(X, X)” is the length of X and 

(xX, Y) 
V(X, X) V(Y, ¥) 
is the cosine of the angle between X and Y. Then the problem of mini- 
mizing the length of Y + X is just the problem of minimizing (Y + nX, 
Y+nX). That is, we wish to minimize (Y, Y) + 2n(X, Y) + n?(X, X). 
Plot the parabola y = (X, X)x*? + 2(X, Y)x + (Y, Y). Clearly the lowest 
point on it isat x = —(X, Y)/(X, X), and the lowest point with integral x 
is got by taking that integral value of x which is nearest to —(X, Y)/(X, X). 

By use of this algorithm, one can get much less awkward solutions of 
many types of Diophantine equations than by former methods. For ex- 
ample, we find the general solution in integers of 


4296x + 6809y + 99752 = N 
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to be 


x 71lu + 90v + 54N 
y = —99u + 1l5v — 37N 


a 


2= 37u — 49+ 2N 


Let A be a positive definite symmetric matrix and redefine the length of 
X, taking it to be (X, AX)”. With appropriate changes, our earlier re- 
marks about G.C.F.’s and generalized Euclidean algorithms still hold true. 
So (with slight additional refinements which have only been worked out 
for four or less dimensions) the algorithm will solve for positive definite 
quadratic forms, with matrix A, the problems: 

1. To find the minimum of the form. 

2. To find all automorphs of the form. 

3. To tell if a second form is equivalent to the first, and, if it is, to finda 
transformation which carries one into the other. 

The algorithm has been extremely successful in solving certain approxi- 
mation problems, although the underlying theory has not been worked out 


in all cases. For instance, given real numbers a, ...,a,, the algorithm fur- 
nishes sets of integers x, x1, ..., x, such that simultaneously 
Xx; L Spent 
a; es em < 2 x 1—1/n. 
Pf v4 








ON THE PROBLEM OF ANALYTICITY IN DYNAMICS 
' By Auret WINTNER 
DEPARTMENT OF MATHEMATICS, THE JOHNS HopKINS UNIVERSITY* 
Communicated May 7, 1941 


The object of the following considerations is an explanation of a fairly 
general aspect of the geometrical dynamics of surface transformations, as 
inaugurated by Poincaré and further developed by Birkhoff.! The aspect 
in question may roughly be described by saying that the central results ob- 
tained, thus far, for the integrals or for the closed invariant sets of an in- 
compressible flow are by no means sharper in case of an analytic flow than 
they are under the semi-topological assumption of mere differentiability (of 
a sufficiently high degree) or hypercontinuity. This situation leads to an 
alternative of fundamental methodical significance, the common aspect of 
the known results being due either to a mere inadequacy of the methods 
applied, thus far, in the analytic case or to the intrinsic nature of the prob- 
lems involved. 
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Accordingly, the question is whether the limit process leading from the 
“general solution” to an “integral in the large’ need or need not preserve 
the analytic character given with a flow. On the basis of a slightly simpli- 
fied model, it will turn out in this note that the answer must be in the nega- 
tive. 

While from the point of view of the mathematician this decides only a 
methodical alternative, it appears to invalidate, even locally, certain efforts 
made by physicists in the direction of a general theory of conditionally 
periodic motions.” In fact, what will be shown is that such a motion can be 
regular analytic in the time if the associated multiply periodic function in 
the phase space not only fails to be regular but is not even absolutely con- 
tinuous (though it is, of course, continuous). But in the latter case the 
gradient operations applied in the physical literature* are certainly il- 
legitimate, and so the corresponding considerations become meaningless 
even from the local point of view. 

The basic character of the tacit assumptions of the considerations just 
referred to was pointed out some time ago.‘ The counter-example to be 
constructed implies that the assumptions involved cannot be justified at 
all, at least not without specific restrictions depending on the canonical 
equations themselves. 

By the elements of the theory of continued fractions, there exist for every 
irrational number \ two sequences of positive integers m, m2, ...; 11, Me, 

. such that 


| mp — dn,| < 1/m for k = 1,2,... (1) 
and 
m7 ©ask— o, (2) 
According to (2), the sequence m, m2, .. . contains a subsequence my’, m2’, .. . 
satisfying m,’ > k®. Hence, if my’, mo’, ... denotes the corresponding sub- 


sequence of m, m2, ..., then, on writing m, and m, for m,’ and n,’, one 
has, besides (1) and (2), 


1 
) i. Km, (3) 
k=l 
Consider the torus 
0s x<2e, 08 7 < 2s, (4) 


obtained from a real (x, y)-plane by reduction mod(2z, 27). According to 


(3), 
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t) 


Fey PRE rey eee (5) 


k=1 


defines a continuous function F of the position on the torus (4). In particu- 
lar, if either y or x is fixed, (5) becomes a continuous periodic function of a 
single variable. 

Neither of these functions is absolutely continuous. For otherwise they 
possessed Fourier series, and these could be obtained by formal differentia- 
tion of the series (5) with respect to x and y, respectively. But the resulting 
trigonometric series are seen to be 


@ 
Mr , ‘ 
_ 7, in (myx — ny), sin (m,x — ny) 
k 


k=1 k=1 


for F,, Fy, respectively. And neither of these series is a Fourier series, 
since both violate the Riemann-Lebesgue lemma (the first because (1) and 
(2) imply that m,/n, tends to the non-vanishing limit \, ask > @~). 

Similarly, it is seen from the coefficients of the trigonometric series be- 
longing formally to the second mixed derivative F,,, that, in view of the 
two-dimensional analogue of the Riemann-Lebesgue lemma, the con- 
tinuous function (5) of the position on the torus (4) cannot be an absolutely 
continuous function of the position (x, y). 

Consider, however, the function f(t), -— ©» < t < ©, to which (5) re- 
duces along the characteristic 


x=t—bh, y=M, (6) 


where fg is arbitrarily fixed. In other words, let 


t) 


f(t) = Fit — tb, M) = z . cos {(m, — An,)t + a,}, (7) 


k=1 


where a, = —my,io. This uniformly almost periodic function of the time 
turns out to be regular analytic along the whole ¢-axis. Furthermore, there 
exists in the plane of the complex variable s = ¢ + tu a transcendental 
entire function which is bounded in every strip parallel to the real axis and 
reduces to f(t) for u = 0. 

In fact, if c > 0 is arbitrary, the absolute value of cos (Z + a) = cos 
(X + 24Y + a) is, for real a, less than a constant multiple of exp c in the 
strip —c < Y <c. Hence. 


cos {(mp — Amy)s + ay}, where s = ¢t + iu, (8) 
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is majorized by a constant multiple of exp(|m, — dn, |) in the strip 
—c<u<_c. But this exponential tends, by (1) and (2), to a finite limit 
ask— o, if cisfixed. It follows, therefore, from (3) that, if f(s) =f(t + iu) 
is defined by writing s for ¢ in the series (7), the resulting series is uniformly 
convergent and bounded in the strip — c<u<c. Sincec > Ocan be 
chosen arbitrarily large, the proof is complete. 

It will be observed that the passage from the rather non-analytic (though 
continuous) space function (5) to the regular time function (7) is based ona 
reversal of the réle played by the Diophantine “‘small divisors’ in Celestial 
Mechanics.’ In fact, due to the lacunary property of the partial sums of 
(5), these small ‘integration divisors,” which retard convergence, now ap- 
pear replaced by small differentiation factors, which can only improve the 
convergence situation. For the jth derivative of (7) is either 


. . COS ; . sin 
f PW = = > (m, — dm)’ ~~ or f(t) = * ) (m, —dm,)? —, 
k Np 


k=1 k=1 


and (1) shows that even the formal convergence of these series is the more 
favorable the greater is 7. 

It seems to be likely that the relevant lacunary character cannot be 
realized in case of a regular Hamiltonian function. But this could depend 
only on specific formal facts concerning canonical differential equations, 
and not on mere function-theoretical facts expressible in terms of the flow 
alone. 


* Fellow of the Guggenheim Foundation. 

1 Birkhoff, G. D., Acta Math., 43, 1-79 (1920), or Ann. Inst. Poincaré, 2, 369-386 
(1932). 

2 Handbuch der Physik, 5, 133-136 (1927) and 9, 179-182 (1926). 

3 References are given, loc. cit.” 

4A. Wintner, Amer. Jour. Math., 60, 472 (1938). 

5 For references cf. A. Wintner, The Analytical Foundations of Celestial Mechanics, 
Princeton, 1941, pp. 442-443. 
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A GENERALIZATION OF FRECHET’S DIFFERENTIAL 
By D. H. Hyers 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN 


Communicated March 24, 1941 


In functional analysis it is Fréchet’s well-known differential which has 
proved to be the most useful one. In the last few years several different 
definitions for differentials of the Fréchet type have been proposed for 
functions whose arguments and values lie in linear topological spaces.” 
The author believes that the definition given below has certain advantages 
over the others. 

1. F-differentials—Let Ly, L2 be linear topological spaces and let D,, 
Dz, be the associated ‘‘strongly partially ordered’’ spaces.* Let ll and 
and |y|,, where x «Li, d ¢ Di, y € Le, ¢ € Ds, be pseudo-norms® for L; and 
Is, respectively. 

Definition: The function f(x) on an open set G C L; to Ly will be called 
F-differentiable at the point x of G and df(x; h) will be called its F-differen- 
tial with increment h if the following conditions are satisfied: 

(a) df(x; h) is additive and continuous in / on L;, to L.; 

(b) for every e ¢ D, there exists d « D; such that, for every » > 0 there 
exists 6 > 0 such that lhla < 6 implies that 


| f(x + h) — f(x) — df(x; h)|. < nlhla. 


Note that d depends only on e, while the number 6 depends on e, d and 7. 

F-differentials have the usual elementary properties of differentials of 
the Fréchet type. In particular, all of the theorems stated by Michal for 
his M-differential in the 1938 paper referred to above’ are also true for the 
F-differential. It can be shown that every F-differential is also an M- 
differential, but the converse is still undecided. The property of a func- 
tion’s being F-differentiable is invariant under topological isomorphisms 
of the spaces L,; and Lz. Since a norm is a special case of a pseudo-norm, 
the definition of an F-differential is equivalent to that of Fréchet in case 
L, and L, are normed spaces. It is not yet known whether every M- 
differential is a Fréchet differential in the case of normed spaces. Even 
if it could be shown that F-differentials were the same as M-differentials, 
the present definition is direct and comparatively easy to apply, in the 
examples considered by the author. 

2. Differentiable Functions on the Space of Real Sequences.—Denote the 
space of all real sequences by S. We may take the associated strongly 
partially ordered space D to be the set of positive integers with the usual 
ordering, and define’ the pseudo-norm |2| 4 of x = (x, %, ...) aS max, 
{|x,|; 1 isd). The following theorem is easily proved. 
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THEOREM. Let f(x) = (fi(x), fo(x), ...) be a function on S to S such that 
each component f;(x) 1s a function of only a finite number of the real variables 
x;, say f(x) = fi(xi,, ..., Hip). Let x° = (x9, 2°, ...) be a point of the 
space S such that for each 1 the Stolz- Fréchet differential of f;(x;,, . . ., Xiy) exists 
at (xi,°, ..., Xix°). Then the function f(x) has an F-differential at the point x°. 

Michal has proposed® certain modifications of his M-differential in order 
to extend the definition to functions defined on topological abelian groups, 
and also to make the differential coincide with the Fréchet differential in 
the case of linear normed spaces. The important modification is the strong 
uniformity condition 2(d) (these PROCEEDINGS, 26, 356 (1940)) which is 
to be satisfied by « (x, h, k). We now show that these modified differen- 
tials do not coincide with the F-differential. Define f(x) = (fi(x), fo(x), 
...) on S to S by the equation f;(x) = x;x; + ,. Then f(x) is F-differentiable 
at each point of S, by the above theorem. However it can be shown that 
no function e (x, h, k) can be defined for f(x) which satisfies the conditions 
2(a), 2(6), and 3 of Michal‘ as well as the uniformity condition 2(d) re- 
ferred to above. Therefore f(x) is not differentiable in Michal’s modified 
sense. Since every F-differential is an M-differential, the converse of 
Michal’s theorem 5 (these PROCEEDINGS, 26, 357 (1940)) is not true. 

3. Differentiable Functionals—The following theorem shows that the 
class of differentiable functionals is rather restricted. 

THEOREM. Let L be a linear topological space containing no bounded’ 
open set and let f(x) be a real valued functional defined on an open set G of 
L which is M-differentiable at a point x9 of G. Then there exists a linear 
set M of L whose dimension 1s greater than zero and a linear functional g(y) 
on M such that f(xo + y) = g(y) + f(xo) for all yin M. 

In the important special cases where L is an infinitely dimensional 
normed space with the weak topology and where L is the space S, the 
linear set M is infinitely dimensional. 


1 Presented in part to the American Mathematical Society on September 5, 1939. 
A more complete account will be published elsewhere. 

2 Michal, A. D., these PROCEEDINGS, 24, 340-342 (1938) and 26, 356-359 (1940). 
See also Bull. Amer. Math. Soc., 45, 529-563 (1939). 

3’ Hyers, D. H., Duke Math. Jour., 5, 628-634 (1939). D, and Dz may be thought of 
as neighborhood systems of the origin in Z; and Ly». 

4 See the first paper mentioned in footnote 2. 

5 The topology defined by the pseudo-norm is equivalent to the topology defined by 
the Fréchet metric. 

6 Michal, A. D., these PROCEEDINGS, 26, 356-359 (1940). See also a forthcoming 
paper by Michal in Revista de Ciencias, Lima, Peru. 

7 A set M is bounded (von Neumann’s definition) if, for each neighborhood U of the 
origin, there exists a number a such that M CaU. 
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A GENERALIZATION OF THE DIRAC EQUATIONS 
By EpwarpD N. LORENZ 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated May 7, 1941 


If x1, ..., X, are rectangular coérdinates in a Euclidean four dimensional 
space, the Dirac equations can be written 
pes Oy: 
- An ms —-v =0, 1 
r de OXm v ( ) 


where \ = 2mi/h, y- = (Wij) = (¥:) is a square matrix with four identical 
columns, and A,, = (a;;"), m = 1, ..., 4 are any particular four-by- 
four matrices such that 


Awhy + AyAnm = Wrmnl. (2) 


It is known that if {A,,} and {Aj} are any two sets of matrices satisfying 
(2), then there exists a matrix, C, unique except for a scalar factor, such 
that A’, = CA,,C-! for each m. In this work we shall find it convenient 
to choose 


oe ey ae 24:2 a Bowes 
ee eS CE 6.4 00 0-3 0 0-1 0 
0.-O:—1° @ i0 eo 6 age e = 0-1 0:0 
00 @=-17;0 1 ¢ Df, CO OF Oe 

(3) 


as fixed values for A;, As, A3, As, respectively. 
We now introduce a fifth matrix Ay = (a;;°°) = iJ, which is equal to 
—i times the coefficient of y- in (1), and let 


4 
A* = (a;;*) = Us BaF an 
m=0 


where yo, ..., ys form a set of independent variables. Then 

(I). | A* | = Q? = (yo? + 1? + 92? + ys? + 47)?, 

(II). The cofactor of a;;* in | A*| is equal to A;;*Q, for some linear 
function A;;* of yo, ..., 4 
for all sets {A,,} satisfying (2). ' 
It is easily verified that if A,;;* = TA; yn; then A,” is the cofactor of 
a; in| A, |, and 


A; a i form = 1, ..., 4, since Am! = A,, 


A,” = —a;°, since Ay-! = —Ao. 


(4) 
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We see that (I) is essentially a weaker assertion than (II), since (II) 
implies that | A* | = cQ? for some constant c. In this note we shall use (I) 
and (II) as a starting point, and examine the equations which arise. 

We begin by observing two groups of transformations which leave (I) 
and (II) invariant and which leave (I) invariant when (II) does not apply. 
First, if (C, D) is a pair of matrices such that | C |-| D | = 1, and B* satis- 
fies (I) and (II), then so does CB*D. For| CB*D | = | B* |, and each third 
order minor of | CB*D | is a linear combination of third order minors of 
| B* |. Evidently we do not throw away any solutions by requiring that 
|C|= |D{|=1. If we then identify the pairs 


(C, D), (iC, —1D), (—C, —D), (—1C, 2D), 
and define multiplication as 
(Ci, Di)-(Cz, Dz) = (CiC2, DeD,), 


the group of transformations is isomorphic to the group of pairs, which has 
30 degrees of freedom. We shall use pair to denote either a pair of matrices 
or a transformation of the group. 

Secondly, take any five-by-five orthogonal matrix G = (gmy,), m,n = 0, 
..., 4 and let y,,’ = DLaenVeu- Let B* = 2B,ym be any solution, and 


define B’* = =B,,'ym by the identity 2B,,’y»,’ = ZBmYm. Since G is 
orthogonal, Zy,,’* = Zy,,”.. Hence B’* isa solution. We see that B,,’ = 
LZmnBn, So that the set {B,,} undergoes an orthogonal transformation. 
n 


The group of such transformations, which we shall call rotations, has 10 
degrees of freedom. 

We now state that if B* satisfies (I) and (II), then there exists a unique 
pair (C, D) such that B* = CA*D. The proof is roughly as follows: 
Since | By | = 1, (J, iBo~") is a pair transforming B* to a solution B’* with 
By’ = Ao. For any m + 0 we can find C so that B,,” = CB,,’C— is in 
diagonal or almost-diagonal form. Equating the coefficients of yo*y,, 
.. +) Ym‘ in | B”* | to the values required by (I), and solving, we see that 
the diagonal elements of B,,” are those of A;. The assumption that B,,” 
is not diagonal leads to a contradiction of (II). Hence CB,,’/C-! = A, 
and B,,’? = I,form =1,...,4. Letting By” = Ao, B,,” = Ai, we see by 
similar reasoning that B,,’B,’ + B,'B,,’ = 0 for n ~ 0 or m. Hence 
B,’, ..., Bs’ satisfy (2), and the existence of a pair follows. The uniqueness 
is readily verified. 


We have observed that for any rotation G, A’ = 2gm,A, is a solution. 
It follows that to each rotation G there corresponds a unique pair (Cg, Dg) 
such that 
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4 

2 SmnA = CcA,,Do,m = 0, ..., 4? (5) 
If G leaves the axis of yo fixed, i.e., Lom = Lmo = Smo, then De = Cem. 

We now remove condition (II) and show that (I) possesses more general 

solutions. In particular, we shall determine the most general matrix R = 
(r;;) = (r;s;) of rank < 1, with elements of an unknown form, which may 
be added to A* without changing the determinant. Since any two rows of 
R are proportional, 


4 
|A*+R|—|A*| = 2 risAij*Q = 0. 
$,j™ 
Using (4), we obtain the five equations 
4 
re, = 0,m = 0, ..., 4. (6) 
i,j=l 


The special values (3) of A,, show that equations (6) are consistent and 
determine s; in terms of r; to within a factor of proportionality. 


Si = Che, Sp = —Ch, Sy = Che, Sg = —CTo. (7) 


When R is a matrix of constants, we can choose 7; and s; so that c = 1. 
It is worth noting that R is also the most general matrix of rank S 1 
such that 
RA,,R = 0 form = 0, ..., 4, (8) 
4 
i.e., i 15S je” YS p = 0, k, p = z. wey 4, 
j,k=1 


For unless each r; = 0 or each s, = 0, in which case R = 0, this reduces to 
(6). Any matrix R = (r;s;) satisfying (6) will be called an R-matrix. 

We wish solutions of (I) whose elements are linear homogeneous func- 
tions of the y,,. Taking any R-matrix R of constants and multiplying it 

4 
by an arbitrary linear function (* = )otnym gives a solution A* + /*R. 
m=0 

The set of such solutions has 8 degrees of freedom. 

Using the two groups of transformations, we can obtain further solu- 
tions. First, every pair (C, D) gives solutions 


C(A* + ¢*R)D. (9) 
Secondly, every rotation G gives a solution B* with 


By, = Demn(An + t,R) 


Caldm + (L8mutn)(Ca~RDe~) De. 
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Since Cg-!RD,~ is of rank S 1, it must be an R-matrix. Hence B* is 

of the form (9). So the solutions (9) form a set closed under pairs and 

rotations. We shall say that under a rotation G, t,, transforms to )ogmntn» 
n 


and R to Cg! RD,g. 

We can show that if C(A* + t*R)D = C’(A* + t'*R’)D’, then (C, D) 
= (C’, D’), and ?*R = t’/*R’. We first reduce the problem by a rotation 
to the case where 4 = 4; = & = Oand ft)’ = 0. It is then tedious but not 
too difficult to verify the result. Thus the set of solutions (9) has 38 de- 
grees of freedom.® 

We have seen that any solution of (I) and (II) leads to the Dirac equa- 
tions. Similarly, any solution B* of (I) leads to a set of equations whose 
multiplier equation‘ is 


yi? + yo? + ys? + y? = 1, 


being determined by (I). It is thus identical with the multiplier equation 
of (1). In particular, (9) yields the equations 


Y (du + tek) + R= 0 (10) 


m 


~Iie 


When B* is transformed by an operation leaving (I) invariant, the cor- 
responding equations will be changed. First, a pair (C, D) leads to equa- 
tions which are satisfied by y’- = D-y- if y- satisfies the original equa- 
tions. Hence a pair corresponds to a linear transformation of the dependent 
variables y;. Secondly, a rotation G causes a transformation of the inde- 
pendent variables x,,, leaving fixed the quadric x,? + x2? + x3? + x? = 1. 
This will be an orthogonal transformation of x, ..., x4 if and only if G 
leaves the axis of yo fixed. In the following paragraphs we shall use rotation 
to refer only to those G mentioned above, whence Dg = Cg7. 

Since equations (10) depend largely upon R, it is desirable to develop 
some more properties of R-matrices. Let As = A:A2A3A,. Then for all 
G, 


CoAsCg7 = CcAiCg7 ay CcAsCge 
= Pe Lim L2m&3m&amA mA mA | ma 


Using (2) and the fact that G is orthogonal, we see that 
CoAsCg- = As if | G | = +1, 
CoAsCg™ —A; if | G | = -1, 


Now let z,, = 2,(R) = trace of A,,AsR, m = 1,...,4. Then if R’ = 
CeRCg, 
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Zm' = Zm(R’) = trace of A,AsCg—'!RCz 
trace of CoA Cn (A sR 


trace of )ogmnA,AsR 
n 


be er 
n 


if|G|= +1. Thus 2(R) = (21, 22, 23, 24) is actually a vector under rotations 
of determinant +1. If| G|= —1, 2(R) does not behave exactly like a vec- 
tor, but instead z,,’ = — > ogmn2,- However, the set of all transformations 


on 2(R) is the same as the set of all rotations. Using the values (3) for A,,, 
and letting c = 1 in (7), 


4 = 21(rirs me Yofs) 
2 = —i(r? — Yo? 7 ¥3” + 14?) 
zg = —(1:? + 12? + 13? + 17) 


2, = 2t(ryre + rsrs). 
We see that }0z,,2 = 0. Hence there corresponds to each R-matrix a unique 
m 


isotropic (or null) vector. 

On the other hand, there is an infinity of R-matrices corresponding to 
each isotropic vector z. Consider first the case z + 0. Here there exists 
a rotation transforming z to (0, —?, —1, 0). Solving, 


m= cosa, r2=0, r= 0, m4 = Sin a, for some a, (11) 


and the set of R-matrices corresponding to z has one degree of freedom. 
Explicit calculation reveals that if G is a rotation in the y;-y, plane through 
—2a, then G transforms R, as given by (11), to an R-matrix with 7; = 1, 
Yo = 13 = 1 = 0. Hence all R with 2(R) + 0 are equivalent under rota- 
tions. If G leaves R fixed, it obviously preserves 2(R). Since the set of all 
G preserving 2(R) has three degrees of freedom, the set of G preserving R 
must have two degrees of freedom. It follows that no unique vector 
independent of 2(R) can be associated with R. For the set of rotations 
preserving two linearly independent vectors has but one degree of free- 
dom. 

Similar methods show that the set of all R + 0 with 2(R) = 0 has two 
degrees of freedom, and that all these R are equivalent under rotations, a 
normal form being 7; = 1, 72 = 0,73 = 0,74 = 7. The set of G preserving R 
has four degrees of freedom; hence no unique non-null vector can be 
associated with R. 
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If we take the first term of (1), and substitute it for y- in (1), we build 
a second order equation, which reduces by (2) to 


(O —Z)y =0, (12) 
where (1) may be treated as a scalar-matrix operator with diagonal ele- 


ments 
a ae 
Xa Ox}? OX»? 0x32 Ox,” 





Every solution of the Dirac equations must satisfy (12). Conversely, the 
Dirac equations have been obtained and studied as the most general 
system of four equations of first order, all of whose solutions satisfy (12).° 
Evidently 0, and hence (12), are invariant under rotations. 

If we use the same procedure with (10), we obtain a second order equa- 
tion which will not reduce to a simple form. But if we continue and 
build a fourth order equation, it reduces by (2) and (8) to 


(Oo —Jj[(0 — 7+ &R)Jy- = 0. (13) 


Thus if y- satisfies (10), [O — (J + tR)]y: satisfies (12). Since O is 
invariant under rotations, (13) is invariant under those rotations preserv- 
ing R. 

Thus the generalized equations (10) and the related equation (13), with 
2(R) + 0, might be suitable for a universe in which there 1s a preferred istropic 
direction, whereas the Dirac equations belong to a universe in which no direc- 
tion is preferred. Such an isotropic direction may be identified with the 
possible path of a light ray or a photon. 

Of particular interest is the case where 4) = 0. Here the four dependent 
variables y; are separated in (13), and each satisfies the same fourth order 
equation, which is invariant under all rotations. Of interest also may be 
the case where the vector (t, f2, ts, t4) is a multiple of 2(R). For then any 
rotation which preserves R also preserves ¢*, and equations (10) are them- 
selves invariant under such rotations, in the sense that the Dirac equations 
are invariant. That is, under such rotations, the new solutions are linear 
combinations of the old ones. Finally, we mention that these two cases 
may be combined. 


1 Properties (I) and (II) were pointed out by Professor G. D. Birkhoff in lectures at 
Peiping (1934) as affording a possible starting point for a generalization of the Dirac 


equations. 

2 This fact is well known. The approach presented here merely affords an additional 
proof. 

3 At present I have been unable to determine whether (9) is the most general solution 
of (I). 


4G. D. Birkhoff, ‘(Quantum Mechanics and Asymptotic Series,’ Bull. Amer. Math. 
Soc., 39, 681-700 (1933). 
5 This approach was used by Birkhoff in the lectures at Peiping cited above. 
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GENERALIZATIONS OF COMPLETELY CONVEX FUNCTIONS 
By R. P. Boas, JR., AND G. P6LYA 
DEPARTMENTS OF MATHEMATICS, DUKE UNIVERSITY AND BROWN UNIVERSITY 
Communicated May 12, 1941 


A function f(x) is said to be completely convex in an interval if it is real- 
valued and has derivatives of all orders (is of class C”) and if 
(— 1)"f(x) = 0 in that interval. D. V. Widder has shown that a 
completely convex function coincides in its interval of definition with an 
entire function of growth not exceeding order one and finite type. One of 
the present authors has given a new proof of this theorem;? the other, a 
generalization.* In this note we give a much wider generalization, which 
also contains some results of S. Bernstein. This generalization was started 
by an (unpublished) note of the first named author, where a part of 
Theorem 2 (stated below) was proved, namely that f(x) is entire and of 
finite order in case (I). 

THEOREM 1. Let {n,} and {ae} be sequences of positive integers, {n,} 
strictly increasing. Let f(x) be real-valued and of class C*” in -1 S x S 1. 
Fork = 1,2, ..., let f(x) and f* + (x) not change sign in (— 1, 1), and 
let 


FOP (x) fOr +(x) < 0. (1) 


(I) If nm, — m-,:= O(1) and q = O(1), then f(x) coincides in (— 1, 1) 
with an entire function of growth not exceeding order one and finite type. 

(II) If my — my-1 = O(m,’), = O(m’), anda +at... +H = 
O(n,), where 6 is fixed, 0 < 6 < 1, then f(x) coincides in (— 1, 1) with an 
entire function of finite order not exceeding 1/(1 — 4). 

(III) If me — m—1 = O(m), Me = O(m), onda +at... +e = 
O(n,), then f(x) coincides in (— 1, 1) with an enitre function. 

This theorem contains (for gq, = 1) certain results of S. Bernstein,‘ who 
derived them on the more restrictive hypothesis that no derivative of f(x) 
changes sign in (— 1,1). Aninteresting special case (where 2g, = m4, — 
n,) is the following, a direct generalization of Widder’s result. 

TueoreM 2. Let {nj} be a strictly increasing sequence of positive even 
integers. Let f(x) be real-valued and of class C® in (— 1, 1), and let 


(— 1)'f(x) 20 (k=1,2,...). (2) 


(I) If m — m—; = O(1), f(x) coincides in (— 1, 1) with an entire function 
of growth not exceeding order one and finite type. 

(II) If nm, — m_—, = O(n,*), 0 < 6 < 1, f(x) coincides in (— 1, 1) with an 
entire function of finite order not exceeding 1/(1 — 5). 








324 MATHEMATICS: BOAS AND POLYA Proc. N. A. S. 


(III) Jf m — m-, = o(n,), f(x) coincides in (— 1, 1) with an entire 


function. 
THEOREM 3. The results stated in Theorems 1 and 2 are ‘‘best’’ results in 
the following sense: 


(I, II) Corresponding to a given 6,0 <6 < 1, we can construct an increas- 
ing sequence {n,} of even integers and an entire function f(x) such that (2) 
is satisfied, (n, — m,—,)n,~° tends to a positive limit, and f(x) is exactly of 
order 1/(1 — 8). 

(III) Corresponding to a given positive « we can construct an increasing se- 
quence {n,} of even integers and a function f(x), analytic in (—1, 1), such that 
(2) is satisfied, (n, — n, — ,)/m, tends to e, but f(x) is not entire. 

Our proof of Theorem 1, which we give in outline, depends on the follow- 
ing lemma. 

Lemma. If, in —1 S x S 1, g(x) ts real-valued, of class c?*+™ and 
satisfies 


lex)| <M, g?*™ (x) <0, 
then 
g(x) < A? + (p + 29)°M 


in (— 1, 1), A being an absolute constant (independent of the positive integers 
p and q and of the function g(x)). 
By Taylor’s theorem with remainder, 

Og) = p00) 4 is ee ee ee, 
g 1! Oe (2g — 1)! (2g)! 
where — 1 < § < lsince — 12x21. By hypothesis, the remainder is 
not positive and g? +%-D(y)ismonotonic. Therefore,»in-1+h<x< 
1 — h, where 0 < h <1, 





| (6 + 2¢—-1) i —_<. “eee soar 
ig (x)| S$ (pb + 2g II, M. 


Hence we deduce, by a theorem of A. Gorny,*® inequalities for lg (0)|, 
y=1,2,...,p + 2q — 2; from these, the lemma follows. 

To prove Theorem 1, denote the maximum of | f™ (x) in (— 1, 1) by 
M,,. We apply the lemma to g(x) = = f”*-1(x), with p = m, — m,_, and 
gq = g&- We obtain 

My, Ss A*k—*k—1 tk (y, — Np-1 + my a, 
Discussion of this recursive inequality gives appropriate upper bounds for 
My, My, .... From these we pass, by the same theorem of Gorny, to an 
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appropriate upper bound for | f™(x)| in-l+eSx51-—-¢4n=0,1, 
9 ~ 


my eee 


1 Widder, D. V., ‘‘Functions Whose Even Derivatives Have a Prescribed Sign,’’ these 
PROCEEDINGS, 26, 657-659 (1940). 

? Boas, R. P., Jr., “A Note on Functions of Exponential Type,’’ forthcoming in Bull. 
Am. Math. Soc. 

3 Pélya, G., “On Functions Whose Derivatives Do Not Vanish in a Given Interval,” 
these PROCEEDINGS, 27, 216-218 (1941). 

‘ Bernstein, S., ““On Certain Properties of Regularly Monotonic Functions,’’ [in 
Russian], Comm. Soc. Math. Kharkow, (4) 2, 1-11 (1928). 

5 Landau, E., “Uber einen Satz von Herrn Esclangon,”” Math. Annalen, 102, 177-188 
(1929); S. Bernstein, Lecons sur les propriétés extrémales ..., Paris, 1926, p. 10. 

6 Gorny, A., “Contribution a l’Etude des Fonctions Dérivables d’Une Variable Réelle,” 
Acta Math., 71, 317-358 (1939). 


NATURAL SYSTEMS: THE STRUCTURE OF ABSTRACT 
MONOTONE SEQUENCES* 


By ALFRED L. FOSTER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA 
Communicated May 12, 1941 


1. In a previous communication! the author introduced the problem: 
to characterize the possible regular orderings of a natural system. A 
complete characterization was there given for the simplest non-trivial 
case, the natural system N2 (containing exactly 2 primes). In the present 
paper a statement of ‘the solution of this problem for the general case NV; 
(k primes, 1 < k < No)? and also that of the principal lemma are given, 
without proofs. 

2. Anatural system (with unit)* is an abstract system (J, °) with single 
composition o (called simply ‘“‘product’’) satisfying (1°)—(7°) (in which, as 
elsewhere, aor is abbreviated by or). For all elements a, 1, ¢ of the class V 


(1°) o7 is a unique element of N. 

(2°) a(t) = (or)¢. 

(3°) or = 7a. 

(4°) N contains a unique unit element e:(eo = a € = @). 

(5°) N contains at least one prime (= irreducible) element a ¥ €:(a = 
gy implies g = e ory = e). 

(6°) Each element #« of N can be expressed as the product of (a finite 
number of) prime elements in exactly one way. 

(7°) N is a denumerably infinite class. 


The abstractly distinct natural systems may be listed as Ni, No, ..., 
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N,, ..-, Ny, where JN, is the natural system containing exactly & primes, 
which latter we always denote by a, ae, ..., a. 
An infinite sequence \, wu, ... of elements of a natural system (J,, ©) 


in which each element of NV; appears exactly once is called a regular order- 
ing of (N,, ©) if for all o, +, \ of N, 


o :< rimplies yo :< yr 


where :< is an abbreviation for ‘‘precedes.’’ As we are only interested in 
abstractly different regular orderings of (V,;, ©), i.e., such as cannot be made 
identical by merely relettering their primes, we agree in the case of any 
regular ordering of (N;, °) to denote the first, second, ..., prime by au, 
a2, ..., Q, respectively. It is easily seen that in any regular ordering of 
(N,, ©) the fitst element must be the unit ¢« and the second element the 
prime ay. 

3. We once and for all interchangeably identify the elements of NV, 
with the (‘‘non-negative’’) lattice points (also regarded as central lattice 
vectors) of k dimensional real space R, by means of the correspondence 


a”, ay”, sey a,” * rs: (m, Me, .. +, M,). 
Also “‘line’’ always means: straight line through the origin. The pro- 


jection of the lattice point P on the line [ is denoted by ['(P). Further 
o =17(L) (read: o congruent 7 — IT) denotes that ['(c) = I(r). Finally 


if o = ay”, a2, ..., ag, T = on™, a2, m' then by o7~! is meant 
the lattice point (m, — my’, m2 — me’, ..., mM, — ‘a r) of R,. 
The line I of R, with direction, v;, Ve, ..., V, (vV; real) is of rank r in R, if 


some subset of ¢ — r of the v; but no subset of ¢ — r + 1 of them are linearly 
independent (with rational coefficients). This is equivalent to saying: 
the set {xX } of all central lattice vectors X of R, which are orthogonal tor 
contains a linear base A), Ao, ..., A, of 7 lattice vectors but no such of 
r — 1 vectors. The R, (real space of r dimensions) spanning A;, As, ..., A, 
depends then only on R,, on the line [' in R,, and on the rank 7 of [' in R,; 
this R, we denote by R(I', R,). Here the integer r satisfies 0 < r < 
k —1,andr = Omeans: R(I, R,) consists merely of the origin. 


4. A finite sequence of mutually orthogonal lines T;, T2, ..., T, of Ry 
each of which has been assigned a sense is called a g-frame ©, , = (% T1, 
%...,5,) Tee Gt. ... tT) med fh. :.:, Tye) oe 


identical only if g = g’, f; = T';’ and sense of '; = sense of T;’ (¢ = 1, 2, ..., 
g); otherwise they are different. 

A g-frame (; Ti, ..., I',) is called a canonical g-frame if (8°) and (9°) 
are satisfied. 
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P 
T, is in R,,(= R,). Let m = rank of I; in R,,. 


,, | Peis in R,(= R(T", R,,)). Let re be the rank of I. in R,,. 
(8°) 4 3 

T; is in R,,_ (= R(T;_,%'—, R,;_,)). Let 7; be the rank of I; in 
R 





ri-1" 
The 1; of (8°) clearly satisfy 1 > 1 >... > 7, 2 0. 
(9°) r, = 0. 


By the projection ordering N,:©S,,, of the natural system NV, on the 
g-frame ©, , is meant the class N, with its elements ordered according to 
their respective projections on the sensed line I’; of S, ,; elements (if any) 
not thereby ordered, i.e., congruent elements mod I, are ordered accord- 
ing to their respective projections on the sensed line T; of Gy, ,; any ele- 
ments still not thereby ordered are ordered according to their respective 
projections on the sensed line I’; of ,, ,; etc., etc. 

We can now state the 

PRINCIPAL THEOREM ON THE STRUCTURE OF REGULAR ORDERINGS. 
Each regular ordering © of N;, is identical with the projection ordering N, ‘Sy, , 
of N, on one and only one canonical g-frame Sy, ¢. 

The proof depends mainly on the 

PRINCIPAL LemMA. Let o; :< 71, 02 :< 72, ..., 0; :< 7, be satisfied in a 
given regular ordering © of N,, in which the central lattice vectors S,, So, .. ., 
S; (where S; = 0;7;~1) of Ry are linearly independent (with rational coefficients). 
Then in the real space R, spanned by S,, ..., S; there exists one and only 
one sensed line T; such that for all lattice points &m— of R,: §& :< nin O 
whenever I'(€) precedes T'(y). 

The geometrical formulation of the Principal Theorem can of course 
easily be translated into one involving only sequences of linear forms. 


* Presented to the American Math. Society, Dec. 2, 1939. 

1 “Natural Systems,” these PROCEEDINGS, 24, No. 4, 185-187 (1938). 

2 The Principal Theorem is true also for k = No but the proof for this case requires 
an argument not necessary for & finite in view of the fact that a residue class of N, 
mod y may contain an infinite number of elements. 

3 In the previous communication referred to above it was thought desirable to define 
the concept natural system to expressly exclude a unit rather than to expressly demand 
one, as here. This revision, of trivial mathematical significance, results in a much more 
manageable formulation. 
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THE METHOD OF THE MINIMUM INTEGRAL AND ANALYTIC 
CONTINUATION OF FUNCTIONS OF COMPLEX VARIABLES 


By STEFAN BERGMAN 
PIERCE HALL, HARVARD UNIVERSITY 
Communicated May 6, 1941 


1. The method of the minimum integral. The mapping by a pair of 
a.f. of 2 c.v. (analytic functions of two complex variables), PT (pseudo- 
conformal transformation), is a natural generalization of the concept of CT 
(conformal transformation). However, it has not been possible to find a 
suitable generalization of the lemma of Schwarz-Pick for PT’s. The 
METHOD OF THE MINIMUM INTEGRAL is a substitute of this 
lemma. In this procedure, the Euclidean and non-Euclidean measures of 
geometrical objects (e.g., the volume of a domain or the area of a surface) 
are expressed in terms of minima \ of 'fg|h|?dw. Here h runs through all 
functions regular in the domain 8 which satisfy certain conditions at the 
point (t) « B, (t) = (h, ta). E.g., if these conditions are h(t) = 1, the result- 


ing A = A!,(t) is equal to [Kg(t, ¢)] —' where Kg(¢, #) = >| y,(t)|?. {,(z)} 


is a system of orthonormal a.f. of 2 c.v. 2, 2%, complete for the class E(%) 
of a.f. of 2 c.v., f, which are regular in 8 and have the properties that? 
Self \*do<o. If (t)eGCG, then 


ATy(t) S Mel), (1.1) 
and therefore 
Kg(t, ) 2 Ket, d (1.2) 


(see [1],! p. 45). Since, in the case of CT’s the quantity ds*g.(z) = 
Kg:(z, 2)\dz|? defines a Hermitian metric invariant with respect to CT’s 
(see [1],! pp. 53 and 56), the lemma of Schwarz-Pick (in a slightly weaker 
form) follows from (1.2). That is, we have the following 

Lemma. If the CT w given by w = w(z) transforms B? into G? Cc S*, then 


ds*g:(z) = Kg,(z, «)|dz|?= Kgs *=ds*e.(w) (1.3) 


2. B-area. Let %? = Elz, = (um, m),0 S um <1, k = 1, 2] bea 
segment of a surface, °C B. The quantities 








| dude, 


D(u, U2) | 
D(a, 22) 


emote V Ka(z, 2) Din, a) 





dujdu, (2.1) 








Ee 
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are called the B-area and the non-Euclidian B-area, respectively, of %’ 
(see [3],? p. 476). The introduction of the B-area enables us to generalize 
(1.3) in the following manner: Let the PT W, given by wy, = w,(z1, 2), k = 
1,2, transform B into a domain GCS. Let dQy(z1, 22) and dQe (wr, we) be the 
non-Euclidean B-area of the element of the surfaces © and W(*), respec- 
tively. Then the inequality 











: = | (ey 2) 
d ’ = : 2 | 4 = 
Qy (21 2) VKa(z, z) ‘Dt, u2)| dujduz 
> — |D(wr, w»)| PORT sar aap \D(wr, ws) a 
V Ky(w, w) Dan, u2)| dujduz = VKz(w, Ww) D(ur, ua)| du,duz, = 


dQs (wy, We) (2.2 
4s valid. 

3. Refinements of the inequalities (1.2) and (2.2). The inequalities 
(1.2) and (2.2) can be improved if the complex moments with certain 
weighting functions® of the domain G* X G?, G? = W(B?) are known. 

Lemma. Let G@?CS* The minimum Aly: of S|h|’dw under the 
conditions - 





h(t) =1, feehdw=0, v=0,1,2,...,n— 2, (3.1) 
is given by 
| 
Fy Pt Soa 
F, ee 
rin] »(t) 33, soeloaeae a= =. BA £, ln — 1 “i ; (3.2) 
es Ki, 2) SK(t, S)dw, ... S" ~ "KU, §)dox 
JS Ke, t)dw, Fy ee Fyy-1 
Ss" ~ *K(z, t)dw, Foon eee Fo~ ini 


Fyq se Ee 9 3} ' z 'K(z, {)du,dw,, K= K@:, RZ a S 2. 


In the case of PT’s we obtain an analogous formula. 

Proof. Let {y,(z)} be a system of orthonormal functions in S*, complete 
for E(S*). Every function f « E(G?) can then be written in the form® 
>A,¢,(z). The desired minimum is equal to the minimum of 2|A,|? under 
the conditions 2A,9,(¢) = 1 and ZA,a,, = 0, g = 1, 2, 3, ..., 2 — 1, where 
a, = JSorz" ~ *9,(z)dw. By the formula (4), p. 44 of [1]! we obtain (3.2).° 

Suppose now that {¢,(z)} forms a system of orthonormal functions in @? 
complete for E(G*). Suppose further that the first (n — 1) functions are 
polynomials obtained by the orthogonalization of 1, z, ... 2" ~ ? and of 1, 21, 
Za, Zi", 222, 2”, ... in the case of two variables. Since the conditions 
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Jezhdo = 0, v=0, 1, ... m — 2, are equivalent to Sseohdo = 0, 
y,(z) |? = [rt,:(z)]-. Since, further- 





@o 
y=1,2,...”—1,weobtain 2 


v,=n 


more, AfJy:(z) < Aly.(z), (see [1],! p. 45) we obtain the inequality* 





en(2)|? + DrSg(2)]-2 = = |e)? + DBe@I-". (3.3) 


y= 





a= 1 1 
Kg:(z, 2) = 2 
y=1 1 
By (2.1), (2.2) and (3.3) (for n = 2) generalized for the case of PT it 
follows 





By(e*) 2 Seat icles 
Wes & PN V Vol.(W(B)] wes | (mrs 2) 





aly, 10)1-"* dundan 4) 


4. A method for analytical extension of a.f. of 2c.v. Let the CT, w, 
given by w = w(z) map G? = E[|z| < 1] into a domain G?, G? < CG, and let 
w transform a segment f! of the boundary of ©? into an arc of a circle. 
That is, let w(C?) = G? and let w(f!) = E[|w a c| = C] where c and C are 
appropriate constants. It follows, then, by the method of reflection that 
w(z) is regular in G? = €? + f' + SM[j!, C7], MAlj!, C*] being the domain 
obtained by the reflection of €? on f!. Thus, every segment f*!, f*1Cjf}, 
lies in the interior of G*. We may now apply the principle of non-increase 
of the hyperbolic measure or the method of the minimum integral in order 
to obtain bounds for the length of w({*'). 

In order to proceed analogously in the case of PT’s, we shall develop a 
method for analytical continuation of a.f. of 2c.v. This method is based 
on an integral formula given in [5],” where all new notations and symbols 
used below are explained. 

First of all we shall introduce the concept of a REGULAR INTER- 
SECTION OF A SEGMENT a? OF THE BOUNDARY 65° OF % 
WITH A SEGMENT OF AN A.H.-S. (analytical hypersurface) 5*, h* = 
E[®(z;, 2,4) = 0] = Elz, = h*(Z, d), k = 1, 2] = s H(A). (See p. 853 

deft 


of [5].7) We suppose, however, that h*(Z, \) are a.f. of 1 c.v. Z regular 
in Ry '[($?(A)]. Further we suppose that: 


(1) H2(A) = $2’) for \’ = A + kz, k integer. 

(2) Every lamina $7(A), A¢f', is decomposed by f(A) = a*-$2(A) into 
two parts (A) and 37(A), B-3*(A) = 0, WA) SC B. 

(3) Rx '[f(A)] is for every \ an analytic curve in the Z-plane. 

(4) f(A) varies continuously with X. 

(5) There exists a simply connected part %**(A) of Y(A) to the boun- 
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dary of which f'(A) or a segment of f(A) belongs, such that ¥**(A) C ¥B2(A), 
and 3**(x) = Ry {MA[Ry (F(A); Rx '(W**(A))]} | B70). 
(6) i*® = S [3**(A) + W*2(A)] is intersected by another segment of an 
ref? 


a.h.-s. p? = E[y(zi, 22, u) = 0] such that there exists a cell Nt, the boundary 
of which consists of parts of i** and p** (these parts denoted by i? and p’, 
respectively). 

(7) Mt satisfies all the conditions formulated in [5].7 Thus, every a.f. 
of 2 c.v. which is regular in J can be represented by means of the integral 
formula (3.7) of [5]7 in terms of its values on §? = {*-p*. 


(8) The domain $ I-(z. = te) (see [5],” p. 855) lies entirely in B. 


tee A? 

THEOREM. Suppose that an af. of 2 c.v. w(z, 2) which is regular in B 

assumes ona regular intersection R? = S €'() of b? with a segment of an a.h.-s. 
def! 

values belonging to an arc of a circle. Then w(z, 22) can be analytically ex- 

tended to It where I is the domain described above. 

Proof. By hypotheses is W(Z) = w[h'(Z, d), h?(Z, \)] regular in 
Ry * (%*2(A)], and it assumes values belonging to an arc of a circle on the 
analytic curve R, ‘[f{(A)]. Therefore, W(Z) can be analytically extended 
in Ry *[**(A)]. w[h(Z, dr), A2(Z, d)] is an af. of 1 c.v. Z, regular in 
Rx* [(2*7() + B*(0)]. 

Since w[h'(Z, d), h?(Z, \)] can be extended in 3**(A) for every A(A « f'), 
w(z1, 2) is defined in i**, and therefore on §? = i*-p*. The expression 


v(t, f2)= (2mi) ac S wierd, u), g2(d, u)]-Blty fA, uw) X 
[D(t1, to, A)-W(h, 42, w)|]~'dvAdp (4.1) 


defines a function in Jt (see [5],” p. 860). We shall show: 


1°. That v(t, é) is an a.f. of 2 c.v. t), 42, regular in 2; 
2°. That v(t, te) = w(t, te). 


Since B(ty, te, d, w)/P(h, te, A)- W(t, fe, w) is an a.f. of 2c.v. t, 4, regular in 
§N, and since the integrand is continuous by (4) on §*, 1°. follows directly 
from (4.1). On the other hand the integrand of (4.1) is equal to 


(2mi)—* fim {ifw(gr, 2); b**(d)] /P(A, fe, 4) JOA (4.2) 


where i[w(¢i, ¢2); b*(A)] = 
= (2ri)—' fparw[h(Z, d), h?(Z, d)] [D(h', h?) / D(A, Z)|®[h, h7(Z, d), Al X 
{I [h*(Z, A) — te] }dZ 
for (4, 2) «ET. (See [5], p. 858.) 
i[w(¢1, ¢2); 6*(A)] assumes values for every f « YA? given by the 
formula (2.5) of [5]. By this result and by the considerations of [5] it is 
clear that (4.2) assumes the values w(t, 42) for (4, &) ¢« £. Therefore, 
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w(t, te) = v(t, te) for (th, te) « T, and w(h, tf) can be analytically continued 
throughout M. 

5. A procedure for analytical extension of PT’s. 

THEOREM. Suppose the PT W given by’ w, = wWy(z, %) transforms the 
domain $ into G = W(B). Suppose there exist two regular intersections R,” 
of the boundary b* with the segment of an a.h.-s. h* which are transformed into 
surfaces lying in E[|w, — c,| = C,]. Also, let Wlp,*] omit E[|w, —c,| 
S n,|, my < Cy, so that W[W,*(A)] lies in TIE[n, S \w, _ C>| S Ci. 
Suppose that W(N), N = Mtr Me, is schlicht, and let C = Elw, = 
W,(u1, U2)| be the image of B? = Elz, = 2)(u, u2)| Ca’, 2.e., let? = W(P?). 
Then for the B-area of an element of &° we have the inequality 


VKz(w, w)|D(w, w2)/D(us, u2)|durdue < 
VKo(z, 2)|D(a, %)/D(u, u2)|dudu, (5.1) 


whereD = B+ Nand S = G+ 0,0 = E[n, S |w, — cy| S C,?/ny). 

Proof. Using the considerations of section 4 we conclude that w,(z, 22) 
is regular in M,. Since W[QB,(d)] lies in E[n, < |w, — c,| < C;l, it 
follows that W[3**(A)] lies in E[C, < |p — >| < C,?/n,|. Hence 
W(N) = TIIW(M,) lies in WE[n, < |w, — c,| S C,2/n,]. Since, by hypoth- 


esis, ©? lies in a*, &? lies in interior of 8B + a* + Yt. On the other hand, 
W(B+ta+N) CG+0Q=GC. Applying (2.2) we obtain (5.1). 


1 German letters denote manifolds, superscript the dimension of the manifold. We 
omit, however, the superscript when the manifold is four dimensional. dw denotes the 
Euclidean area element in the case of a.f. of 1 c.v., and the volume element in the case of 
2 c.Vv. 

Non-Euclidean measures are measures invariant with respect to CT’s and PT’s, 
respectively. See, for details, [1] S. Bergman, ‘Sur les fonctions orthogonales de 
plusiers variables complexes avec les applications . . .,’’ Interscience Publishers, New 
York, 1941. 

2 See [2], S. Bergman, C. R. Acc. Sc. U. S. S. R., 16, 11-14 (1937); [8] S. Bergman, 
Rend. d. R. Acc. Naz. d. Lincei, 19 (6a), 474-478 (1934) and [1]. 

3 The quantities SeK (z, 2)2" 2" dw and JSoK (21, 22, 21, 22)2:" 22" 2," Zo" dw are said to be 
the complex moments with the weighting function K of G? and G, respectively. 

4 Note that in lee appear only complex moments of @? X G? with the weighting 


function K¢: which does not depend on @?. 


‘y= Ff. 
y=1 
6 See also [4] S. Bergman, Bull. del’Inst. math. Tomsk, 1, 242-257 (1937). 
7 [5] S. Bergman, Recueil Math., 1(43), 851-862 (1936). 
8 Since we deal now with two functions w,, p = 1, 2, we shall add the subscript p to 


symbols introduced in section 4 in connection with the extension of w(z,, 2). will 
2 


always assume values 1 and 2 in this section. II will mean II. 
P = 








